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ON L3,∞-STABILITY OF THE NAVIER-STOKES SYSTEM IN
EXTERIOR DOMAINS
HAJIME KOBA
Abstract. This paper studies the stability of a stationary solution of the
Navier-Stokes system with a constant velocity at infinity in an exterior domain.
More precisely, this paper considers the stability of the Navier-Stokes system
governing the stationary solution which belongs to the weak L3-space L3,∞.
Under the condition that the initial datum belongs to a solenoidal L3,∞-space,
we prove that if both the L3,∞-norm of the initial datum and the L3,∞-norm of
the stationary solution are sufficiently small then the system admits a unique
global-in-time strong L3,∞-solution satisfying both L3,∞-asymptotic stabil-
ity and L∞-asymptotic stability. Moreover, we investigate L3,r-asymptotic
stability of the global-in-time solution. Using Lp-Lq type estimates for the
Oseen semigroup and applying an equivalent norm on the Lorentz space are
key ideas to establish both the existence of a unique global-in-time strong (or
mild) solution of our system and the stability of our solution.
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2 HAJIME KOBA
1. Introduction
1.1. Purposes. This paper has two purposes. The first one is to construct a unique
global-in-time strong L3,∞-solution of the Navier-Stokes system with a constant
velocity at infinity. The second one is to investigate the stability of global-in-time
L3,∞-solutions of the system when the initial datum is in an intermediate space
between the L3.1-space and the L3,∞-space. Here Lq,r denotes the Lorentz space.
Let Ω be an exterior domain with smooth boundary in R3. Throughout this
paper we fix Ω. We are concerned with the stability of the Navier-Stokes system
with a constant velocity at infinity:
(1.1)


∂tu−∆u+ (u,∇)u+∇Π = ∇ · F in Ω× (0,∞),
∇ · u = 0 in Ω× (0,∞),
u|∂Ω = 0, lim
|x|→∞
u = u∞, u|t=0 = u0,
where the unknown function u = u(x, t) = (u1, u2, u3) is the velocity of the fluid,
the unknown function Π = Π(x, t) is the pressure of the fluid, while the given
function F = F (x) = (Fjk(x))j,k=1,2,3 is the external force, the given constant
u∞ = (u
1
∞, u
2
∞, u
3
∞) ∈ R3 is the velocity of the fluid at infinity, and u0 = u0(x) is
the given initial datum. Here we use the convention: ∆ := ∂21 + ∂
2
2 + ∂
2
3 and ∇ :=
(∂1, ∂2, ∂3). Note that ∇ · F = (
∑3
k=1 ∂kFjk)j=1,2,3. The model ( 1.1) illustrates
the motion of an incompressible viscous fluid past an obstacle.
Putting u˜ = u˜(x, t) = (u˜1, u˜2, u˜3) := u(x, t)− u∞, we have
(1.2)


∂tu˜−∆u˜+ (u∞,∇)u˜+ (u˜,∇)u˜ +∇Π = ∇ · F in Ω× (0,∞),
∇ · u˜ = 0 in Ω× (0,∞),
u˜|∂Ω = −u∞, lim
|x|→∞
u˜ = 0, u˜|t=0 = u0 − u∞.
To study the system ( 1.2), we consider the stationary Navier-Stokes equations:
(1.3)


−∆w + (u∞,∇)w + (w,∇)w +∇π = ∇ · F in Ω,
∇ · w = 0 in Ω,
w|∂Ω = −u∞, lim
|x|→∞
w(x) = 0.
Here w = w(x) = (w1, w2, w3) and π = π(x). This paper studies the stability of
solutions to the stationary Navier-Stokes equations under the three conditions:
Assumption 1.1. The function w satisfies ∇ · w = 0 in Ω and
‖w‖L3,∞ + ‖w‖L3β/(3−β),∞ + ‖∇w‖Lβ,∞ < +∞ for some 3/2 < β < 3.
Assumption 1.2. The function w satisfies Assumption 1.1 and
‖∇w‖L2 < +∞.
Assumption 1.3. The function w satisfies Assumption 1.1 and
‖w‖L∞ + ‖∇w‖L3,∞ + ‖∇w‖L2 < +∞.
Here ‖ · ‖Lq,r denotes the Lorentz norm (see Subsection 2.1). Remark that there
exists a solution (w, π) of the system ( 1.3) satisfying Assumption 1.1, Assumption
1.2, or Assumption 1.3 if |u∞| and F are sufficiently small in a suitable function
space. See Finn [9], Kozono-Yamazaki [29, Main Theorem], Shibata-Yamazaki [43,
Theorems 2.2 and 4.1], and Kim-Kozono [22, Theorem 1.1]. Many researchers have
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been studying both the existence and the uniqueness of solutions to the system
( 1.3) since Leray [32] and Finn [9]. See [29], [43], [12], [22], [15], and the references
given there.
To study the stability of a solution (w, π) of the system ( 1.3), we set v =
v(x, t) = (v1, v2, v3) := u˜(x, t) − w(x) and p = p(x, t) := Π(x, t) − π(x). It is easy
to check that (v, p) formally satisfies the system:
(1.4)


∂tv −∆v + (u∞,∇)v + (v,∇)v + (v,∇)w + (v,∇)w +∇p = 0,
∇ · v = 0 in Ω× (0,∞),
v|∂Ω = 0, lim
|x|→∞
v = 0, v|t=0 = v0.
Here v0 := u0−u∞−w. This paper studies the system ( 1.4) instead of the system
( 1.1). Applying the Helmholtz projection P into the system ( 1.4), we have
(1.5)
{
vt + Lv + P{(v,∇)v + (v,∇)w + (w,∇)v} = 0, t > 0,
v|t=0 = Pv0.
Here Lv = P{−∆v + (u∞,∇)v}. We call the operator L the Oseen operator.
In particular, we call L the Stokes operator if u∞ = 0. See Subsection 2.2 for
the Helmholtz projection P and Subsections 2.3-2.6 for the Stokes and the Oseen
operators.
Heywood [16], [17] first studied the stability of L2-solutions to the system ( 1.5)
under the conditions that w ∈ W 2,2 and sup{|x||w(x)|} is sufficiently small. He
applied the Galerkin method and an energy inequality to show the existence of a
unique global-in-time strong L2-solution of ( 1.5) with the property that for each
Ω′ ⊂ Ω, ‖v(t)‖L2(Ω′) → 0 as t→∞. Masuda [37] considered the stability of a weak
solution of ( 1.5) when ∇w ∈ L3 and sup{|x||w(x)|} is sufficiently small. Masuda
[37] made use of fractional powers of the Stokes operator and an energy inequality to
show the existence of a weak solution of ( 1.5) satisfying L∞-asymptotic stability.
Maremonti [34] constructed a global-in-time L2-solution, satisfying ‖v(t)‖L∞ ≤
Ct−1/2 as t → ∞, of ( 1.5) when u∞ = 0, w ∈ L6 ∩W 1,3 ∩ W˙ 1,p(p > 3), and the
Reynold number is sufficiently small. Maremonti [35] considered L2-asymptotic
stability of a L2-solution of ( 1.5), and investigated L2-decay rate with respect to
time of the solution when the Reynold number is sufficiently smal and the initial
datum belongs to Lq(1 ≤ q < 2). Miyakawa and Sohr [38] constructed a weak
solution of ( 1.5) satisfying the strong energy inequality to derive L2-asymptotic
stability of the solution when ∇w ∈ L3 and sup{|x||w(x)|} is sufficiently small.
Note that w ∈ L3,∞ if sup{|x||w(x)|} is finite. Koba [24] applied maximal Lp-
regularity for Hilbert space-valued functions to investigate L2-asymptotic stability
of energy solutions to the generalized Navier-Stokes-Boussinesq system including
( 1.5). See also Koba [25].
This paper studies L3,∞-asymptotic stability of L3,∞-solutions to the system
( 1.5). Let us now introduce Ln-asymptotic stability of the Navier-Stokes system
(i.e. ( 1.5) when u∞ = 0 and w ≡ 0). Kato [21] used Lp-Lq estimates for the
heat kernel to establish the existence of a unique global-in-time Ln-solution of
the Navier-Stokes system in the whole space Rn satisfying Ln-asymptotic stability
when the Ln-norm of the initial datum is sufficiently small. Kozono [27] applied
the Stokes semigroup and an implicit function theorem for Banach spaces to show
the existence of a unique global-in-time Ln-solution of the Navier-Stokes system
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in the halfspace Rn+ satisfying L
n-asymptotic stability when the initial datum is
sufficiently small in the Ln-norm. Iwashita [19] obtained stability results similar to
those in [21] on the Navier-Stokes system in an exterior domain by studying Lp-Lq
estimates for the Stokes semigroup. Remark that Ln ⊂ Ln,∞ (see Lemma 2.2).
In this paper we show the existence of a unique global-in-time strong L3,∞-
solution, satisfying the asymptotic stability, of the system ( 1.5). To this end, we
construct a unique global-in-time (generalized) mild L3,∞-solution of ( 1.5) in a
Banach space X3, and investigate the asymptotic stability of the solution. Before
stating main results, we introduce some notation.
Definition 1.4 (Solenoidal spaces). For 1 < q <∞ and 1 ≤ r ≤ ∞,
C∞0,σ = C
∞
0,σ(Ω) := {f = (f1, f2, f3) ∈ [C∞0 (Ω)]3; ∇ · f = 0},
Lqσ = L
q
σ(Ω) := C
∞
0,σ(Ω)
‖·‖Lq
, Lq,∞0,σ = L
q,∞
0,σ (Ω) := C
∞
0,σ(Ω)
‖·‖Lq,∞
,
Lq,rσ = L
q,r
σ (Ω) := (L
q1
σ (Ω), L
q2
σ (Ω))θ,r,
where 1 < q1 < q < q2 < ∞ and 0 < θ < 1 such that 1/q = (1 − θ)/q1 + θ/q2.
Here (·, ·)θ,r is the real interpolation couple. See [3] and [33] for the interpolation
theory. See Subsection 2.2 for the solenoidal spaces Lq,∞0,σ (Ω) and L
q,r
σ (Ω). Note
that Lq,∞0,σ (Ω) ⊂ Lq,∞σ (Ω).
Definition 1.5 (Function space Xp). Let 3 ≤ p <∞. Define
Xp := {f ∈ BC((0,∞);L3,∞σ (Ω)) ∩C((0,∞);Lp,∞σ (Ω)); ‖f‖Xp <∞}.
Here ‖f‖Xp := sup
t>0
{‖f(t)‖L3,∞}+ sup
t>0
{t p−32p ‖f(t)‖Lp,∞}.
Note that X3 = BC((0,∞);L3,∞σ (Ω)).
Definition 1.6 (Duality pairing). Let 1 ≤ q, q′, r, r′ ≤ ∞ such that 1/q+1/q′ = 1
and 1/r + 1/r′ = 1, where 1/∞ := 0. By 〈·, ·〉, we define the paring between Lq,r
and Lq
′,r′ as follows: for all f ∈ [Lq,r(Ω)]3 and g ∈ [Lq′,r′(Ω)]3
〈f, g〉 :=
∫
Ω
f(x) · g(x)dx.
Here L1,ℓ(Ω) := L1(Ω) and L∞,ℓ(Ω) := L∞(Ω) for 1 ≤ ℓ ≤ ∞.
Definition 1.7 (Generalized mild solutions).
Assume that v0 ∈ L3,∞σ (Ω) and that v ∈ X3. We call the function v a global-in-
time generalized mild solution of the system ( 1.5) with the initial datum v0 if the
following two properties hold:
(i) for every t > 0 and ψ ∈ L3/2,1σ (Ω)
〈v(t), ψ〉 = 〈v0, e−tL
∗
ψ〉+
∫ t
0
〈v ⊗ v(s) + v(s) ⊗ w + w ⊗ v(s),∇e−(t−s)L∗ψ〉ds,
(ii) for each ψ ∈ L3/2,1σ (Ω)
lim
t→0+0
〈v(t), ψ〉 = 〈v0, ψ〉.
Here L∗f = P{−∆f − (u∞,∇)f} and e−tL∗ is the semigroup whose generator is
the dual operator −L∗ of the Oseen operator −L.
Kozono and Ogawa [28] introduced the notion of the generalized mild solution.
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Definition 1.8 (Mild solutions). Assume that v0 ∈ L3,∞σ (Ω) and that v ∈ X3.
We call the function v a global-in-time mild solution of the system ( 1.5) with the
initial datum v0 if the following two properties hold:
(i) for every t > 0
v(t) = e−tLv0 −
∫ t
0
e−(t−s)LP{(v(s),∇)v(s) + (v(s),∇)w + (w,∇)v(s)}ds,
(ii) v(t)→ v0 in L3,∞(Ω) as t→ 0 + 0.
Definition 1.9 (Strong solutions). Assume that v0 ∈ L3,∞σ (Ω) and that v ∈ X3.
We call the function v a global-in-time strong solution of the system ( 1.5) with the
initial datum v0 if the following two properties hold:
(i) v is a global-in-time mild solution of the system ( 1.5) with the initial datum
v0,
(ii) for each 0 < t <∞, v(t) satisfies the system ( 1.5) in L3,∞.
1.2. Main Results and Key Ideas. We now state four main results.
Theorem 1.10 (Existence of a unique generalized mild solution).
Assume that w is as in Assumption 1.1 and that |u∞| ≤ γ for some γ > 0. Let 3 <
p <∞. Then there are two positive constants δ0 = δ0(γ, p) and K0 = K0(γ, p) > 0
such that if
v0 ∈ L3,∞σ (Ω), ‖w‖L3,∞ < δ0, and ‖v0‖L3,∞ < δ0,
then there exists a unique global-in-time generalized mild solution v in X3 of the
system ( 1.5) with the initial datum v0, satisfying v ∈ Xp and
(1.6) ‖v‖Xp ≤ K0‖v0‖L3,∞ .
Theorem 1.11 (Stability of generalized mild solutions).
Assume that w is as in Assumption 1.1 and that |u∞| ≤ γ for some γ > 0. Let
3 < p <∞, and let δ0 the constant appearing in Theorem 1.10. Suppose that
v0 ∈ L3,∞σ (Ω), ‖w‖L3,∞ < δ0, and ‖v0‖L3,∞ < δ0.
Let v be the global-in-time generalized mild solution v of the system ( 1.5) with the
initial datum v0, obtained by Theorem 1.10. Let 3p/(p+3) < α < 3. Then there is
δ1 = δ1(γ, p, α) > 0 such that if
‖w‖L3,∞ < δ1 and ‖v0‖L3,∞ < δ1,
then the following three assertions hold:
(i) Assume in addition that v0 ∈ Lα,∞σ (Ω). Then
sup
t>0
{‖v(t)‖Lα,∞} ≤ Const. < +∞,
sup
t>0
{t 32 ( 1α− 1p )‖v(t)‖Lp,∞} ≤ Const. < +∞,(1.7)
sup
t>0
{t 32 ( 1α− 13 )‖v(t)‖L3,∞} ≤ Const. < +∞.(1.8)
(ii) Assume in addition that v0 ∈ L3,∞0,σ (Ω) and that ‖∇w‖L2 < +∞. Then
lim
t→0+0
‖v(t)− v0‖L3,∞ = 0,
lim
t→∞
‖v(t)‖L3,∞ = 0.(1.9)
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(iii) Assume in addition that v0 ∈ L3,rσ (Ω) for some 1 < r <∞ and that ‖∇w‖L2 <
+∞. Then
v ∈ BC([0,∞);L3,rσ (Ω)),
lim
t→0+0
‖v(t)− v0‖L3,r = 0,
lim
t→∞
‖v(t)‖L3,r = 0.(1.10)
Theorem 1.12 (Unique mild solution and stability).
Assume that w is as in Assumption 1.2 and |u∞| ≤ γ for some γ > 0. Let 6 < p <
∞ such that 3β/(2β − 3) < p. Then then there is δ2 = δ2(γ, p) > 0 such that if
v0 ∈ L3,∞0,σ (Ω), ‖w‖L3,∞ < δ2, and ‖v0‖L3,∞ < δ2,
then there exists a unique global-in-time mild solution v in X3 of the system ( 1.5)
with the initial datum v0, satisfying v ∈ Xp, ( 1.6), ( 1.9),
v ∈ BC([0,∞);L3,∞0,σ (Ω)),
for each fixed T > 0, sup
0<t<T
{t 12 ‖∇v(t)‖L3,∞} < +∞,(1.11)
sup
0<t≤1
{t 12 ‖v(t)‖L∞}+ sup
t≥1
{t 3−β2β ‖v(t)‖L∞} ≤ Const. < +∞.(1.12)
Moreover, the following two assertions hold:
(i) Assume in addition that v0 ∈ Lα,∞σ (Ω) for some 3p/(p+ 3) < α < 3 and that
‖v0‖L3,∞ < δ1 and ‖w‖L3,∞ < δ1.
Then
(1.13) sup
0<t≤1
{t 32α ‖v(t)‖L∞}+ sup
t≥1
{t 32 ( 1α+ 1β )−1‖v(t)‖L∞} ≤ Const. < +∞.
Here δ1 is the constant appearing in Theorem 1.11.
(ii) Assume in addition that w satisfies Assumption 1.3. Then for each fixed T > 0
∇v(T ) ∈ L3,∞0 (Ω).
Here L3,∞0 (Ω) := C
∞
0 (Ω)
‖·‖L3,∞
.
Theorem 1.13 (Unique strong solution and stability).
Assume that w is as in Assumption 1.3 and that |u∞| ≤ γ for some γ > 0. Let
6 < p < ∞ such that 3β/(2β − 3) < p. Then then there is δ3 = δ3(γ, p) > 0 such
that if
v0 ∈ L3,∞0,σ (Ω), ‖w‖L3,∞ < δ3, and ‖v0‖L3,∞ < δ3,
then there exists a unique global-in-time strong solution v in X3 of the system ( 1.5)
with the initial datum v0, satisfying v ∈ Xp, ( 1.6), ( 1.9), ( 1.11), ( 1.12),
v ∈ BC([0,∞);L3,∞0,σ (Ω)), Lv, vt ∈ C((0,∞);L3,∞0,σ (Ω)).
Remark 1.14. (i) We can choose u∞ = 0 in Theorems 1.10-1.13.
(ii) It is not clear whether ‖v(t)‖L∞ = O(t− 12 ) as t→∞ under our assumptions.
(iii) Shibata [42] gave the sketch of the proof of Theorem 1.10. This paper describes
a detailed proof of Theorem 1.10.
(iv) Under only the condition that v0 ∈ L3,∞σ (Ω) it is difficult to drive ( 1.9). See
Yamazaki [45, Remark 1.4] for the reason.
ON L3,∞-STABILITY OF THE NAVIER-STOKES SYSTEM 7
(v) In order to show that ‖v(t) − v0‖L3,∞ → 0 as t → 0 + 0, we make use of H1-
solutions of the system ( 1.5). We need the assumption that ‖∇w‖L2 is finite to
construct a H1-solution of ( 1.5). See Koba [24] for details.
(vi) We use the restriction that 3β/(2β − 3) < p <∞ to construct a global-in-time
mild solution of the system ( 1.5), while we need the condition that 6 < p < ∞ to
derive L∞-decay for the mild solution. See Section 4 for details.
Let us state results related to the main results of this paper. We first intro-
duce stability results for the system ( 1.5) when u∞ = 0 and w 6= 0. Kozono and
Ogawa [28] studied ( 1.5) under the conditions that v0 ∈ L3σ(Ω) and w ∈ W 1,∞(Ω).
They proved that ( 1.5) admits a unique global-in-time strong L3-solution satisfy-
ing L3-asymptotic stability if ‖v0‖L3, ‖w‖L3 , and ‖∇w‖L3/2 are sufficiently small.
Borchers and Miyakawa [4] established the existence of a unique global-in-time
strong L3,∞-solution of ( 1.5) when ‖v0‖L3,∞ and sup{|x||w(x)|}+sup{|x|2|∇w(x)|}
are sufficiently small. They derived L3,∞-asymptotic stability of their solution
in the case when v0 ∈ L3,∞0,σ (Ω), and investigated L∞-decay of their solution
when v0 ∈ L3,∞σ (Ω) ∩ Lp,∞σ (Ω) for some 1 < p < 3. Under the conditions that
w ∈ L3,∞ ∩ L∞ and ∇w ∈ Lp for some p > 3, Kozono and Yamazaki [30] proved
that ( 1.5) admits a unique global-in-time strong L3,∞-solution satisfying Lq(q > 3)-
asymptotic stability if ‖v0‖L3,∞ and ‖w‖L3,∞ are sufficiently small. Therefore
the main results of this paper improve their results. Note that they studied n-
dimensional case. A key observation of their methods is to derive Lp,r-Lq,r estimates
for the semigroup generated by the main linear operator −L of ( 1.5) under their re-
strictions, where Lf = P{−∆f+(f,∇)w+(w,∇)f}. However, in our situation, it is
not easy to derive Lp,r-Lq,r estimates for the semigroup whose generator is the main
linear operator −L of ( 1.5). Here L f = P{−∆f+(u∞,∇)f+(f,∇)w+(w,∇)f}.
Next we introduce stability results for the system ( 1.5) when u∞ 6= 0 and
w 6= 0. Galdi-Heywood-Shibata [13] and Shibata [41] applied Lp-Lq estimates for
the Oseen semigroup, which was obtained by Kobayashi-Shibata [26], to prove that
( 1.5) has a unique global-in-time mild L3-solution satisfying Lq(q > 3)-asymptotic
stability when ‖v0‖L3 and sup{(1 + |x|)(1 + |x| − x · u∞/|u∞|)ǫ|w(x)|} + sup{(1 +
|x|)3/2(1 + |x| − x · u∞/|u∞|)1/2+ǫ|∇w(x)|} are sufficiently small for some ǫ > 0.
Shibata [42] showed the existence of a unique global-in-time generalized mild L3,∞-
solution, satisfying Lq(q > 3)-asymptotic stability, of ( 1.5) when ‖v0‖L3,∞ and
‖w‖L3,∞ are sufficiently small by applying Lp-Lq estimates for the Oseen semigroup
and the real interpolation theory. Enomoto and Shibata [8] studied ( 1.5) when
w ∈ L3/(1+ǫ) ∩ L3/(1−ǫ) and ∇w ∈ L3/(2+ǫ) ∩ L3/(2−ǫ) for some small ǫ > 0. They
showed that there exists a unique global-in-time mild L3-solution of ( 1.5) satisfying
both L3-asymptotic stability and L∞-asymptotic stability if ‖v0‖L3, ‖w‖L3/(1−ǫ) ,
‖w‖L3/(1+ǫ) , ‖∇w‖L3/(2+ǫ) , and ‖∇w‖L3/(2−ǫ) are sufficiently small. Under the same
assumptions in [8], Bae and Roh [1] investigated the decay rate with respect to time
of L3-solutions of ( 1.5) when the initial datum is in a weighted Lebesgue space.
Therefore the main results of this paper are the generalization of a part of their
results. A key tool of their methods is Lp-Lq estimates for the Oseen semigroup.
However, since our assumptions on w is weaker than those of [13], [41], [8], we
cannot directly apply their method to show the stability ( 1.6)-( 1.13).
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In order to overcome the difficulties mentioned above, we use an equivalent norm
on the Lorentz norm:
‖f‖Lq,r ≤ C sup
φ∈[Lq′,r′ (Ω)]3, ‖φ‖
Lq
′,r′≤1
|〈f, φ〉| for f ∈ [Lq,r(Ω)]3,
where 1 < q < ∞, 1 ≤ r ≤ ∞, 1/q + 1/q′ = 1, 1/r + 1/r′ = 1, apply Lp-Lq type
estimates for the Oseen semigroup:
‖e−tLP∂jf‖Lp,1 ≤ Ct−
1
2−
3
2 (
1
q−
1
p )‖f‖Lq,∞ ,
and make use of the following properties of the Oseen semigroup:
‖(e−t2L − 1)e−t1LPφ‖Lq,1 ≤ Ctα2 e
t1
2 +t2t
−α− 32 (1−
1
q )
1 ‖φ‖L1 ,
‖(e−t2L − 1)e−t1LP∂jφ‖Lq,1 ≤ Ctα2 e
t1
2 +t2t
−α− 32 (1−
1
q )
1 ‖φ‖L 32 ,1 .
More precisely, we apply an equivalent norm on the Lorentz space and Lp-Lq es-
timates for the Oseen semigroup to show the existence of a unique global-in-time
generalized mild solution of the system ( 1.5) satisfying L3,∞-asymptotic stabil-
ity. Using the Lp-Lq type estimates for the Oseen semigroup, we establish the
existence of a unique global-in-time mild solution of the system ( 1.5) satisfying
L∞-asymptotic stability. We make use of both the above estimates for the Os-
een semigroup and fractional powers of the Oseen operator to show that the mild
solution is a strong solution of the system ( 1.5).
Let us briefly explain our idea of deriving L∞-decay for mild solutions of the
system ( 1.5). We first apply a duality argument to have
‖v(t)‖L∞ ≤ ‖e−tLa‖L∞
+ C sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t
0
〈e− (t−s)2 LP (v,∇)v, e− (t−s)2 L∗Pφ〉ds
∣∣∣∣
+ C sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t
0
〈e− (t−s)2 LP{(v,∇)w + (w,∇)v}, e− (t−s)2 L∗Pφ〉ds
∣∣∣∣.
Next we use the Cauchy-Schwarz inequality and Lp-Lq type estimates for the Oseen
semigroup to derive L∞-decay for our solutions. This is one of the key ideas of this
paper to show the stability.
Finally, we state some results on L3,∞-solutions of incompressible fluid systems.
Yamazaki [45] showed the existence of a unique generalized mild Ln,∞-solution of
the Navier-Stokes system with time-dependent external force in unbounded domains
in Rn. He derived the decay rate with respect to time of his solution by studying
the time-dependent external force. Hishida-Shibata [18] considered the stability of
the Navier-Stokes flow in an exterior domain to a rotating obstacle. They derived
Lp-Lq estimates for the semigroup whose generator is the Stokes operator with
both the Coriolis and centrifugal forces to show the existence of a unique global-
in-time generalized mild L3,∞-solution, satisfying Lq(q > 3)-asymptotic stability,
of their system. Kang-Miura-Tsai [20] showed the existence of a unique very weak
L3,∞-solution of the Navier-Stokes system with non-decaying boundary data. They
studied the stability of the solution when the initial datum is asymptotically self-
similar and the external force is time periodic.
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1.3. Notation. Let us introduce some fundamental notation.
For m ∈ N, and 1 ≤ q, r ≤ ∞, the symbols Lq(Ω), Wm,q(Ω), Lq,r(Ω) denote
the usual Lebesgue space, the Sobolev space, and the Lorentz space with norms
‖·‖Lq(= ‖·‖Lq(Ω)), ‖·‖Wm,q(= ‖·‖Wm,q(Ω)), and ‖·‖Lq,r(= ‖·‖Lq,r(Ω)), respectively.
See Subsection 2.1 for the Lorentz spaces.
By P , we denote the Helmholtz projection, that is, P : [Lq,r(Ω)]3 → Lq,rσ (Ω).
See Subsection 2.2.
Let X be a Banach space, and A a linear operator densely defined in X . The
symbols X∗ and A ∗ represent the dual space of X and the dual operator of A ,
respectively.
Let X be a Banach space, and A a linear operator on X . The symbols D(A ),
R(A ), and N(A ) represent the domain of A , the range of A , and the null space
of A , respectively. When A generates a semigroup on X , we write the semigroup
as etA . We also write the dual semigroup of etA as etA
∗
.
We will use the symbol C to denote a positive constant. We write C(η1, η2) if
the constant C depends on certain quantities η1, η2. However, the dependency on
Ω is usually omitted.
1.4. Outline of this Paper. In Section 2, we study the Lorentz spaces Lq,r, the
solenoidal spaces Lq,rσ and L
q,∞
0,σ , the Helmholtz projection P , the Oseen operator L,
and the Oseen semigroup e−tL. We first give fundamental properties of the Lorentz
spaces, the solenoidal Lorentz spaces, and the Helmholtz projection. Next we study
the dual semigroup of the Oseen semigroup, and derive Lp-Lq type estimates for the
Oseen semigroup by applying Lp-Lq estimates for the Oseen semigroup, a duality
argument, and the real interpolation theory. Finally we study fractional powers of
the Oseen operator in Lq,rσ and derive key estimates for the Oseen semigroup .
In Section 3, we prove Theorems 1.10 and 1.11. We first derive basic properties
of the global-in-time generalized mild solutions of the system ( 1.5). Applying an
equivalent norm on the Lorentz space, Lp-Lq estimates for the Oseen semigroup,
and a contraction mapping theory to establish the existence of a unique global-
in-time generalized mild solution of the system ( 1.5). Moreover, we investigate
L3,r-asymptotic stability of the solution when the initial datum belongs to L3,rσ (Ω).
In Section 4, we give the proof of Theorem 1.12. We first construct a unique
local-in-time mild L3,∞-solution of the system ( 1.5) by using both an equivalent
norm on the Lorentz norm and Lp-Lq type estimates for the Oseen semigroup.
Next we apply the uniqueness of the generalized mild solutions of ( 1.5) and the
existence of a unique global-in-time generalized mild solution of ( 1.5) to construct a
unique global-in-time mild solution of ( 1.5). Finally, we investigate L∞-asymptotic
stability of the global-in-time mild solution.
In Section 5, we show the existence of a unique global-in-time strong solution
of the system ( 1.5) to prove Theorem 1.13. Applying fractional powers of the
Oseen operator and some estimates for the Oseen semigroup, we prove that the
mild solutions obtained by Section 4 are strong solutions of ( 1.5).
In the Appendix, we characterize the Lorentz norm by using the measure theory
and the definition of the Lorentz norm.
2. Preliminaries
In this section we prepare key tools to prove Theorems 1.10-1.13. We first re-
call fundamental properties of the Lorentz spaces. We state useful inequalities to
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analyze the system ( 1.5). Secondly, we study solenoidal Lq,r-function spaces and
the Helmholtz projection on the Lorentz spaces (1 < q <∞, 1 ≤ r ≤ ∞). Thirdly,
we consider the Stokes operator and the Oseen operator in a solenoidal Lq,r-space.
More precisely, we observe that the Oseen operator generates an analytic semi-
group on Lq,rσ (Ω), and characterize the dual operator of the Oseen operator in
Lq,rσ (Ω) (r 6= ∞). Fourthly, we state well-known Lp-Lq estimates for the Oseen
semigroup. Using the Lp-Lq estimates, the real interpolation theory, and a duality
argument, we derive Lp-Lq type estimates for the Oseen semigroup. Fifthly, we
study fractional powers of the Oseen operator in Lq,rσ (Ω). Especially, we deal with
fractional powers of the Oseen operator in Lq,∞σ (Ω) and L
q,1
σ (Ω). Finally, we derive
useful estimates for the Oseen semigroup to show the existence of a strong solution
of ( 1.5).
2.1. Lorentz Spaces. Let us recall the Lorentz spaces. For 1 ≤ q ≤ ∞ and
1 ≤ r ≤ ∞
Lq,r(Ω) := {f ∈ L1(Ω) + L∞(Ω); ‖f‖Lq,r(Ω) < +∞}
with
‖f‖Lq,r = ‖f‖Lq,r(Ω) :=
{(∫∞
0
(t1/qf∗∗(t))r dtt
)1/r
if 1 ≤ r < +∞,
supt>0{t1/qf∗∗(t)} if r =∞.
Here
f∗∗(t) := t−1
∫ t
0
f∗(s)ds, t ≥ 0,
f∗(t) := inf{σ > 0; µ{x ∈ Ω; |f(x)| > σ} ≤ t}, t ≥ 0,
where µ{·} denotes the 3-dimensional Lebesgue measure. For all
f = (f1, f2, f3) ∈ [Lq,r(Ω)]3,
‖f‖Lq,r(Ω) := ‖ |f | ‖Lq,r(Ω) = ‖
√
(f1)2 + (f2)2 + (f3)2‖Lq,r(Ω).
Note that there are C1 = C1(q, r) > 0 and C2 = C2(q, r) > 0 such that
‖f‖Lq,r(Ω) ≤ C1(‖f1‖Lq,r(Ω) + ‖f2‖Lq,r(Ω) + ‖f3‖Lq,r(Ω)) ≤ C2‖f‖Lq,r(Ω). See the
Appendix for details. From [6, Section 3.3], [3, Chapter 1], and [2, IV Lemma 4.5],
we see that Lq,r(Ω) is a Banach space when 1 < q <∞ and 1 ≤ r ≤ ∞. We also see
that Lq,q(Ω) = Lq(Ω) when 1 < q ≤ ∞ and that L1,∞(Ω) = L1(Ω). Furthermore,
we find that C∞0 (Ω) is dense in L
q,r(Ω) if 1 < q < ∞ and 1 ≤ r < ∞. From [33,
§1.4.2 and Corollary 1.7], we obtain
Lemma 2.1. Let 1 ≤ q1 < q < q2 ≤ ∞ and 1 ≤ r ≤ ∞. Then there is C =
C(q1, q, q2, r) > 0 such that for all f ∈ Lq1,∞(Ω) ∩ Lq2,∞(Ω)
(2.1) ‖f‖Lq,r ≤ C‖f‖1−θLq1,∞‖f‖θLq2,∞ .
Here θ = {q2(q − q1)}/{q(q2 − q1)}.
From [2, Chapters 2 and 4], we have the two lemmas.
Lemma 2.2. Let 1 < q < ∞ and 1 ≤ r1 ≤ r2 ≤ ∞. Then there is C =
C(q, r1, r2) > 0 such that for all f ∈ Lq,r1(Ω)
(2.2) ‖f‖Lq,r2 ≤ C‖f‖Lq,r1 .
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Lemma 2.3. Let 1 ≤ q, q′ ≤ ∞ and 1 ≤ r, r′ ≤ ∞ such that 1/q + 1/q′ = 1 and
1/r + 1/r′ = 1. Then for all f ∈ [Lq,r(Ω)]3 and g ∈ [Lq′,r′(Ω)]3,
(2.3) |〈f, g〉| ≤ ‖f‖Lq,r‖g‖Lq′,r′ .
Here L1,ℓ(Ω) := L1(Ω) and L∞,ℓ(Ω) := L∞(Ω) for 1 ≤ ℓ ≤ ∞.
Next we state the weak Ho¨lder inequality.
Lemma 2.4. (i) [31, Proposition 2.1]Let 1 < q, q1, q2 < ∞ and 1 ≤ r1, r2 ≤ ∞
such that 1/q = 1/q1+1/q2. Then there is C = C(q, q1, q2, r1, r2) > 0 such that for
all f ∈ Lq1,r1(Ω) and g ∈ Lq2,r2(Ω)
(2.4) ‖fg‖Lq,r ≤ C‖f‖Lq1,r1 ‖g‖Lq2,r2 , where r := min{r1, r2}.
(ii) Let 1 < q <∞ and 1 ≤ r ≤ ∞. Then for all f ∈ Lq,r(Ω) and g ∈ L∞(Ω)
(2.5) ‖fg‖Lq,r ≤ ‖f‖Lq,r‖g‖L∞.
Combining the usual Ho¨lder inequality and the Marcinkiewicz interpolation the-
orem gives the assertion (ii) of Lemma 2.4. See also the proof of Lemma 8.2 in
[18].
Finally, we describe a characterization of the Lorentz norm ‖ · ‖Lq,r .
Lemma 2.5 (Equivalent norms for the Lorentz space).
(i) Let 1 < q, q′ <∞ and 1 ≤ r, r′ ≤ ∞ such that 1/q+1/q′ = 1 and 1/r+1/r′ = 1.
For each f = (f1, f2, f3) ∈ [Lq,r(Ω)]3,
‖f‖Xq,r(Ω) := ‖f‖Lq,r ≡ ‖
√
(f1)2 + (f2)2 + (f3)2‖Lq,r ,
‖f‖Y q,r(Ω) := max
1≤j≤3
{‖f j‖Lq,r},
‖f‖Zq,r(Ω) := sup
φ∈[Lq′,r′ (Ω)]3, ‖φ‖
Lq
′,r′≤1
|〈f, φ〉|.
Then there is C△ = C△(q, r) > 0 such that for all f ∈ [Lq,r(Ω)]3
‖f‖Xq,r ≤ C△‖f‖Y q,r ≤ C△‖f‖Zq,r ≤ C△‖f‖Xq,r .
Moreover, assume in addition that r 6= 1. Then
‖f‖Zq,r(Ω) = sup
φ∈[C∞0 (Ω)]
3, ‖φ‖
Lq
′,r′≤1
|〈f, φ〉|.
(ii) There is C > 0 such that for each f = (f1, f2, f3) ∈ [L∞(Ω)]3
(2.6) ‖f‖L∞ ≤ C sup
φ∈[C∞0 (Ω)]
3, ‖φ‖L1≤1
|〈f, φ〉|.
The Appendix gives the proof of the assertion (i) of Lemma 2.5.
2.2. Solenoidal Spaces and Helmholtz Projection. We first state the dual of
the solenoidal space Lq,rσ (Ω). From [3, Section 3.7] and [4, Theorems 5.2 and 5.5],
we obtain
Lemma 2.6. Let 1 < q, q′ < ∞ and 1 ≤ r, r′ ≤ ∞ such that 1/q + 1/q′ = 1 and
1/r + 1/r′ = 1. Then,
(i) If 1 ≤ r <∞, then C∞0,σ(Ω) is dense in Lq,rσ (Ω).
(ii) If 1 ≤ r <∞, then the dual of Lq,rσ (Ω) is Lq
′,r′
σ (Ω).
(iii) The dual of Lq,∞0,σ (Ω) is L
q′,1
σ (Ω).
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See Definition 1.4 for the solenoidal spaces C∞0,σ(Ω), L
q,r
σ (Ω), and L
q,∞
0,σ (Ω).
Next we introduce the Helmholtz projection. Fix 1 < q < ∞ and 1 ≤ r ≤ ∞.
From [4, Theorem 5.2], we see that
Lq,rσ (Ω) = {f ∈ Lq,r(Ω)3; ∇ · f = 0, f · ν|∂Ω = 0}.
We also see that Lq,r(Ω)3 = Lq,rσ (Ω)⊕Gq,r(Ω), where
Gq,r(Ω) := {∇p ∈ Lq,r(Ω)3; p ∈ Lq,rloc(Ω)}.
Lemma 2.7. [4, Theorem 5.2] There exists a linear operator P with the three
properties:
(i) For each 1 < q < ∞ and 1 ≤ r ≤ ∞ there is C = C(q, r) > 0 such that for all
f ∈ Lq,r(Ω)3
‖Pf‖Lq,r ≤ C‖f‖Lq,r ,(2.7)
Pf ∈ Lq,rσ (Ω).
(ii) Let 1 < q <∞ and 1 ≤ r ≤ ∞. Then for all g ∈ Lq,rσ (Ω)
Pg = g.
(iii) Let 1 < q, q′ <∞ and 1 ≤ r, r′ ≤ ∞ such that 1/q+1/q′ = 1 and 1/r+1/r′ = 1.
Then for every f ∈ [Lq,r(Ω)]3 and g ∈ [Lq′,r′(Ω)]3
〈Pf, g〉 = 〈f, Pg〉.
See also [11], [44], and [39, Lemma 1.1] for the Helmholtz projection. Now we study
the function spaces Lq,∞σ (Ω) and L
q,∞
0,σ (Ω).
Lemma 2.8. Let 1 < q <∞. Set
Lq,∞0 (Ω) = C
∞
0 (Ω)
‖·‖Lq,∞
.
Then
P : [Lq,∞0 (Ω)]
3 → Lq,∞0,σ (Ω).
Proof of Lemma 2.8. Fix q ∈ (1,∞) and ε > 0. Let f ∈ [Lq,∞0 (Ω)]3. By the
definition of the function space Lq,∞0 (Ω), there is f0 ∈ [C∞0 (Ω)]3 such that
(2.8) ‖f − f0‖Lq,∞ < ε.
Since Pf0 ∈ Lqσ(Ω), we take f1 ∈ C∞0,σ(Ω) such that
(2.9) ‖Pf0 − f1‖Lq < ε.
Using ( 2.7), ( 2.2), ( 2.8), and ( 2.9), we check that
‖Pf − f1‖Lq,∞ ≤‖Pf − Pf0‖Lq,∞ + ‖Pf0 − f1‖Lq,∞
≤C‖f − f0‖Lq,∞ + C‖Pf0 − f1‖Lq < Cε.
Since f1 ∈ C∞0,σ(Ω) and ε is arbitrary, therefore the lemma follows. 
Applying Lemmas 2.5-2.7, we have
Lemma 2.9. Let 1 < q, q′ < ∞ and 1 ≤ r, r′ ≤ ∞ such that 1/q + 1/q′ = 1 and
1/r + 1/r′ = 1. Then there is C = C(q, r) > 0 such that for every f ∈ Lq,rσ (Ω)
(2.10) ‖f‖Lq,r ≤ C sup
ϕ∈Lq
′,r′
σ (Ω), ‖ϕ‖Lq′,r′≤1
|〈f, ϕ〉| .
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In particular, if r 6= 1, then
(2.11) ‖f‖Lq,r ≤ C sup
ϕ∈C∞0,σ(Ω), ‖ϕ‖Lq′,r′≤1
|〈f, ϕ〉| .
Proof of Lemma 2.9. Fix f ∈ Lq,rσ (Ω). From Lemmas 2.5-2.7, we observe that
‖f‖Lq,r ≤C sup
φ∈[Lq′,r′ (Ω)]3, ‖φ‖
Lq
′,r′≤1
|〈f, φ〉|
=C sup
φ=φ1+φ2, φ1∈L
q′,r′
σ , φ2∈Gq′,r′ ‖φ‖Lq′,r′≤1
|〈f, Pφ〉|
=C sup
φ1∈L
q′,r′
σ , ‖φ1‖Lq′,r′≤1
|〈f, φ1〉|.
Therefore we see that
‖f‖Lq,r ≤ C sup
ϕ∈Lq
′,r′
σ (Ω), ‖ϕ‖Lq′,r′≤1
|〈f, ϕ〉|.
Since C∞0,σ(Ω) is dense in L
q′,r′
σ (Ω) if r
′ 6=∞, we deduce ( 2.11). 
2.3. Oseen Semigroup and Its Dual Semigroup. Let us now study the Stokes
operator and the Oseen operator in a solenoidal Lq,r-space. Fix 1 < q < ∞,
1 ≤ r ≤ ∞, and u∞ ∈ R3. We define the three linear operators A, L, and L∗ in
Lq,rσ (Ω) by{
A = Aq,r = P (−∆)f,
D(A) = D(Aq,r) = {f ∈ Lq,rσ (Ω); f |∂Ω = 0, ‖∇f‖Lq,r + ‖∇2f‖Lq,r < +∞},{
L = Lq,r = P{(−∆)f + (u∞,∇)f},
D(L) = D(Lq,r) = D(Aq,r).{
L∗ = L∗q,r = P{(−∆)f − (u∞,∇)f},
D(L∗) = D(L∗q,r) = D(Aq,r).
We call Aq,r the Stokes operator in L
q,r
σ (Ω) and Lq,r the Oseen operator in L
q,r
σ (Ω).
From the argument in [4, Sect.5], [42], and the resolvent estimates for the Oseen
operator in [7, 8], we have
Lemma 2.10. Let 1 < q <∞ and 1 ≤ r ≤ ∞. Then
(i) There is C = C(Ω, q, r) > 0 such that for all f ∈ D(Aq,r)
‖∇f‖Lq,r + ‖∇2f‖Lq,r ≤ C(‖Aq,rf‖Lq,r + ‖f‖Lq,r).
(ii) Each operator −Aq,r, −Lq,r and −L∗q,r generates an analytic semigroup on
Lq,rσ (Ω).
(iii) If r 6= ∞, then each operator −Aq,r, −Lq,r, and −L∗q,r generates a C0-
semigroup on Lq,rσ (Ω).
See also [19], [26] for the Oseen semigroup in exterior domains, and [5], [14] for the
Stokes semigroup in exterior domains.
We characterize the dual semigroup of the semigroup e−tLq,r .
Lemma 2.11 (Characterization of the dual semigroup of e−tLq,r ).
Let 1 < q <∞ and 1 ≤ r <∞. Let (Lq,r)′ be the dual operator of the operator Lq,r
in Lq,rσ (Ω). Then (Lq,r)
′ = L∗q′,r′ and D((Lq,r)
′) = D(L∗q′,r′). Here 1/q + 1/q
′ = 1
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and 1/r + 1/r′ = 1, where 1/∞ := 0. Moreover, for all f ∈ Lq,rσ (Ω), g ∈ Lq
′,r′
σ (Ω),
and t > 0
(2.12) 〈e−tLq,rf, g〉 = 〈f, e−tL∗q′.r′ g〉.
Proof of Lemma 2.11. Let 1 < q ≤ q′ < ∞ and 1 ≤ r ≤ r′ ≤ ∞ such that
1/q + 1/q′ = 1 and 1/r + 1/r′ = 1, where r′ := ∞ if r = 1. Fix q, q′, r, r′. Since
e−tLq,r is a C0-semigroup on L
q,r
σ , it follows from the Hille-Yosida theorem or the
Lumer-Phillips theorem that D(Lq,r) is dense in L
q,r
σ (Ω). Therefore one can define
the dual operator of the operator Lq,r. It is easy to check that for all f ∈ D(Aq,r)
and g ∈ D(Aq′,r′)
〈Lq,rf, g〉 = 〈P{−∆f + (u∞,∇)}f, g〉 = 〈f, P{−∆f − (u∞,∇)}g〉
= 〈f, L∗q′,r′g〉 = 〈f, (Lq,r)′g〉.
This implies that (Lq,r)
′ = L∗q′,r′ on D(Aq′,r′). Fix φ1 ∈ D((Lq,r)′). By the
definition of the dual operator, there is h ∈ Lq′,r′σ (Ω) such that for all f ∈ D(Aq,r)
〈f, h〉 = 〈f, (Lq,r)′φ1〉 = 〈Lq,rf, φ1〉.
Now we show that φ1 ∈ D(Aq′,r′). Since e−tLq,r and e−tL
∗
q′,r′ are analytic semi-
groups, we find η > 0 such that η ∈ ρ(−Lq,r) ∩ ρ(−L∗q′,r′). Since η ∈ ρ(−L∗q′,r′)
and h ∈ Lq′,r′σ (Ω), there is φ2 ∈ D(Aq′,r′) such that
(L∗q′,r′ + η)φ2 = h.
Next we prove that (L∗q′,r′ + η) is injective. Let φ3 ∈ D(Aq′,r′) such that for all
f ∈ D(Aq,r)
0 = 〈f, (L∗q′,r′ + η)φ3〉 = 〈(Lq,r + η)f, φ3〉.
Since η ∈ ρ(−Lq,r), we find that φ3 = 0. Therefore we see that (L∗q′,r′ + η) is
one-to-one. It is easy to check that for all f ∈ D(Aq,r)
0 =〈f, h〉 − 〈f, h〉
=〈f, (Lq,r)′φ1〉 − 〈f, L∗q′,r′φ2〉
=〈f, L∗q′,r′(φ1 − φ2)〉.
Thus, we see that φ1 = φ2. This implies that φ1 ∈ D(Aq′,r′), that is, D((Lq,r)′) ⊂
D(Aq′,r′). Therefore we conclude that (Lq,r)
′ = L∗q′,r′ and D((Lq,r)
′) = D(Aq′,r′).
Finally, we deduce ( 2.12). We see at once that for f ∈ Lq,rσ (Ω) and g ∈ Lq
′,r′
σ (Ω)
〈(λ+ Lq,r)−1f, g〉 =〈(λ + Lq,r)−1f, (λ+ L∗q′,r′)(λ + L∗q′,r′)−1g〉
=〈f, (λ + L∗q′,r′)−1g〉
if λ ∈ ρ(−Lq,r) ∩ ρ(−L∗q′,r′). Therefore we see ( 2.12). Remark that λ ∈ ρ(−Lq,r)
then λ ∈ ρ(−L∗q′,r′) and (λ + L∗q′,r′)−1 = ((λ + Lq,r)−1)∗. See [40, Lemma 10.2 in
Chapter 1]. 
From Lemma 2.11, we observe that for all f ∈ Lq,1σ (Ω), g ∈ Lq
′,∞
σ (Ω), and t > 0
〈e−tLq,1f, g〉 = 〈f, e−tL∗q′,∞g〉.
Therefore we consider e−tLq,∞ as the dual semigroup of e−tL
∗
q′,1 .
Next we study the Oseen operator in Lq,∞0,σ (Ω).
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Lemma 2.12. Let 1 < q <∞. Set{
L = Lq,∞ = P{(−∆)f + (u∞,∇)f},
D(Lq,∞) = {f ∈ Lq,∞0,σ (Ω); f |∂Ω = 0, ‖∇f‖Lq,∞ + ‖∇2f‖Lq,∞ < +∞}.
Then −Lq,∞ generates an analytic C0-semigroup on Lq,∞0,σ (Ω). Moreover, if 1 <
q ≤ 3, then ∇e−tLq,∞f ∈ Lq,∞0 (Ω) for each t > 0 and f ∈ Lq,∞0,σ (Ω).
Proof of Lemma 2.12. Fix 1 < q < ∞. We first show that −Lq,∞ generates an
analytic semigroup on Lq,∞0,σ (Ω). Since e
−tLq,∞ is an analytic semigroup on Lq,∞σ (Ω),
we see that there are C = C(Ω, γ, q) > 0 and η = η(Ω, γ, q) > 0 such that for all
f ∈ Lq,∞σ (Ω) and t > 0,
e−tLq,∞f ∈ Lq,∞σ (Ω),(2.13)
‖e−tLq,∞f‖Lq,∞ ≤ Ceηt‖f‖Lq,∞,(2.14)
‖Lq,∞e−tLq,∞f‖Lq,∞ ≤ Ct−1eηt‖f‖Lq,∞ .(2.15)
Since Lq,∞ = Lq,∞ on L
q,∞
0,σ (Ω), we only have to prove that for t > 0
e−tLq,∞f ∈ Lq,∞0,σ (Ω),
Lq,∞e
−tLq,∞f ∈ Lq,∞0,σ (Ω)
if f ∈ Lq,∞0,σ (Ω). Fix t > 0 and f ∈ Lq,∞0,σ (Ω). By the definition, there are fm ∈
C∞0,σ(Ω) such that
lim
m→∞
‖f − fm‖Lq,∞ = 0.
Since C∞0,σ(Ω) ⊂ Lqσ(Ω) ⊂ Lq,∞0,σ (Ω), we find that for each m ∈ N
e−tLq,∞fm ∈ Lq,∞0,σ (Ω),
Lq,∞e
−tLq,∞fm ∈ Lq,∞0,σ (Ω).
By ( 2.14) and ( 2.15), we observe that as m→∞
‖e−tLq,∞f − e−tLqfm‖Lq,∞ ≤ Ceηt‖f − fm‖Lq,∞ → 0,
‖Lq,∞e−tLq,∞f − Lq,∞e−tLqfm‖Lq,∞ ≤ Ct−1eηt‖f − fm‖Lq,∞ → 0.
Therefore we see that −Lq,∞ generates an analytic semigroup on Lq,∞0,σ (Ω).
Next we prove that −Lq,∞ generates a C0-semigroup on Lq,∞0,σ (Ω). Fix f ∈
Lq,∞0,σ (Ω) and ε > 0. By definition, there is f0 ∈ C∞0,σ(Ω) such that
‖f − f0‖Lq,∞ < ε.
Using ( 2.14), we check that for 0 < t < 1
‖e−tLq,∞f − f‖Lq,∞
≤ ‖e−tLq,∞f − e−tLq,∞f0‖Lq,∞ + ‖e−tLq,∞f0 − f0‖Lq,∞ + ‖f0 − f‖Lq,∞
≤ C‖f − f0‖Lq,∞ + C‖e−tLqf0 − f0‖Lq ≤ Cε as t→ 0 + 0.
Here we used the fact that e−tL is a C0-semigroup on L
q
σ(Ω). Since ε is arbitrary,
we find that
lim
t→0+0
‖e−tLq,∞f − f‖Lq,∞ = 0.
Therefore we conclude that e−tLq,∞ is a C0-semigroup on L
q,∞
0,σ (Ω).
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We now assume that 1 < q ≤ 3. From Lemma 2.13, we find that for each t > 0
and f ∈ Lq,∞0,σ (Ω)
‖∇e−tLq,∞f‖Lq,∞ ≤ Ct− 12 ‖f‖Lq,∞ .
By the previous argument, we see that ∇e−tLq,∞f ∈ Lq,∞0 (Ω) for each t > 0 and
f ∈ Lq,∞0,σ (Ω). Therefore the lemma follows. 
2.4. Lp-Lq Type Estimates for the Oseen Semigroup. Let us derive Lp-Lq
type estimates for the Oseen semigroup. Applying Lp-Lq estimates for the Oseen
kernel, the real interpolation theory, and a duality argument, we obtain Lp-Lq type
estimates for the Oseen semigroup.
Throughout this subsection we assume that |u∞| ≤ γ for some γ > 0, and the
symbols L and L∗ represent the two linear operators defined by Subsection 2.3.
We first state well-known Lp-Lq estimates for the Oseen semigroup. Applying
the real interpolation theory and the estimates for the Oseen semigroup obtained
by [26] and [7], we have
Lemma 2.13 (Lp-Lq estimates for the Oseen semigroup (I)).
(i) Let 1 < p, q < ∞ and 1 ≤ r ≤ ∞ such that p ≤ q. Then there is C =
C(γ, p, q, r) > 0 such that for all t > 0 and f ∈ Lp,rσ (Ω)
‖e−tLf‖Lq,r ≤ Ct−
3
2 (
1
p−
1
q )‖f‖Lp,r ,(2.16)
‖e−tL∗f‖Lq,r ≤ Ct−
3
2 (
1
p−
1
q )‖f‖Lp,r .(2.17)
(ii) Let 1 < p, q ≤ 3 and 1 ≤ r < ∞ such that p ≤ q. Then there is C =
C(γ, p, q, r) > 0 such that for all t > 0 and f ∈ Lp,rσ (Ω)
‖∇e−tLf‖Lq,r ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,r ,(2.18)
‖∇e−tL∗f‖Lq,r ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,r .(2.19)
(iii) Let 1 < p, q ≤ 3 such that p ≤ q. Then there is C = C(γ, p, q) > 0 such
that for all t > 0 and f ∈ Lp,∞0,σ (Ω)
‖∇e−tLf‖Lq,∞ ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,∞,(2.20)
‖∇e−tL∗f‖Lq,∞ ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,∞.(2.21)
(iv) Let 1 < p <∞. Then there is C = C(γ, p) > 0 such that for all t > 0 and
f ∈ Lpσ(Ω)
‖e−tLf‖L∞ ≤ Ct−
3
2p ‖f‖Lp,(2.22)
‖e−tL∗f‖L∞ ≤ Ct−
3
2p ‖f‖Lp.(2.23)
(v) Let 1 < p, q ≤ 3 such that 1/p− 1/q = 1/3. Then there is C = C(γ, p) > 0
such that for all f ∈ Lp,1σ (Ω)∫ ∞
0
‖∇e−tLf‖Lq,1dt ≤ C‖f‖Lp,1,(2.24) ∫ ∞
0
‖∇e−tL∗f‖Lq,1dt ≤ C‖f‖Lp,1.(2.25)
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Combining the local energy decay of the Oseen semigroup derived by [26] and
[7], Lp-Lq estimates for the Oseen semigroup, the interpolation theory, and an
argument similar to that in [8] and [18, Sections 7,8], we deduce the properties
(i)-(iv) of Lemma 2.13. See [36, Theorem 2.1] for the property (iii) when u∞ = 0.
Note that C∞0,σ(Ω) is dense in L
p,∞
0,σ (Ω). See [42, Section 5] and [18, Lemma 8.4] for
the proof of the assertion (v) of Lemma 2.13. See also [45] and [42, Section 5].
Now we use Lemma 2.13 and the real interpolation theory to prove the following
lemma.
Lemma 2.14 (Lp-Lq estimates for the Oseen semigroup (II)).
(i) Let 1 < p, q < ∞ such that p < q. Then for each 1 ≤ r1, r2 ≤ ∞, there is
C = C(γ, p, q, r1, r2) > 0 such that for all t > 0 and f ∈ [Lp,r2(Ω)]3
‖e−tLPf‖Lq,r1 ≤ Ct−
3
2 (
1
p−
1
q )‖f‖Lp,r2 ,(2.26)
‖e−tL∗Pf‖Lq,r1 ≤ Ct−
3
2 (
1
p−
1
q )‖f‖Lp,r2 .(2.27)
(ii) Let 1 < p, q < 3 such that p < q. Then for each 1 ≤ r1, r2 ≤ ∞, there is
C = C(γ, p, q, r1, r2) > 0 such that for all t > 0 and f ∈ [Lp,r2(Ω)]3
‖∇e−tLPf‖Lq,r1 ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,r2 ,(2.28)
‖∇e−tL∗Pf‖Lq,r1 ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,r2 .(2.29)
Proof of Lemma 2.14. Let 1 < p, q < ∞ such p < q. We first show that there is
C = C(p, q) > 0 such that for every f ∈ Lq,∞σ (Ω)
‖e−tLPf‖Lq,1 ≤ Ct−
3
2 (
1
p−
1
q )‖f‖Lp,∞,(2.30)
‖e−tL∗Pf‖Lq,1 ≤ Ct−
3
2 (
1
p−
1
q )‖f‖Lp,∞.(2.31)
Set θ = (q − p)/(q − 1). It is easy to check that 0 < θ < 1 and that 1/q =
(1− θ)/p+ θ/(pq). Since
(Lp,∞(Ω), Lpq,∞(Ω))θ,1 = L
q,1(Ω),
we use ( 2.16) to see that
‖e−tLPf‖Lq,1 ≤C‖e−tLPf‖1−θLp,∞‖e−tLPf‖θLpq,∞
≤C‖Pf‖
p−1
q−1
Lp,∞(t
− 32 (
1
p−
1
pq )‖Pf‖Lp,∞)
q−p
q−1
≤Ct− 32 ( 1p− 1q )‖f‖Lp,∞.
Thus, we see ( 2.30). Similarly, we have ( 2.31). Combining ( 2.2), ( 2.30), and
( 2.31), we obtain ( 2.26) and ( 2.27).
Since (Lp,∞(Ω), L3,∞(Ω))θ,1 = L
q,1(Ω) when θ = {3(q−p)}/{(3−p)q}, we repeat
an argument similar to show (i) to see (ii). 
Lemma 2.15 (Lp-Lq estimates for the Oseen semigroup (III)).
(i) Let 1 < p, q <∞ such that p ≤ q. Then there is C = C(γ, q) > 0 such that
for all t > 0 and f ∈ [Lp(Ω) ∩ L1(Ω)]3
‖e−tLPf‖Lq ≤ Ct−
3
2 (1−
1
q )‖f‖L1,(2.32)
‖e−tL∗Pf‖Lq ≤ Ct−
3
2 (1−
1
q )‖f‖L1.(2.33)
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(ii) Let 1 < p, q < ∞ and 1 ≤ r1, r2 ≤ ∞ such that p < q. Then there is
C = C(γ, q, r1) > 0 such that for all t > 0 and f ∈ [Lp,r2(Ω) ∩ L1(Ω)]3
‖e−tLPf‖Lq,r1 ≤ Ct−
3
2 (1−
1
q )‖f‖L1,(2.34)
‖e−tL∗Pf‖Lq,r1 ≤ Ct−
3
2 (1−
1
q )‖f‖L1.(2.35)
(iii) Let 1 < p <∞ and 1 ≤ r ≤ ∞. Then there is C = C(γ, p, r) > 0 such that
for all t > 0 and f ∈ [Lp,r(Ω)]3
‖e−tLPf‖L∞ ≤ Ct−
3
2p ‖f‖Lp,r ,(2.36)
‖e−tL∗Pf‖L∞ ≤ Ct−
3
2p ‖f‖Lp,r .(2.37)
Proof of Lemma 2.15. We first show (i) and (ii). Fix t > 0. Using ( 2.11), the
Ho¨lder inequality, and ( 2.23), we see that
‖e−tLPf‖Lq ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lq′≤1
|〈f, e−tL∗ϕ〉|
≤ C‖f‖L1 sup
‖ϕ‖
Lq
′≤1
‖e−tL∗ϕ‖L∞
≤ C‖f‖L1t−
3
2 (1−
1
q ).
Here 1/q + 1/q′ = 1. Thus, we have ( 2.32). Similarly, we see ( 2.33). Applying
( 2.32), ( 2.33), and ( 2.1), we deduce (ii).
Next we show (iii). Fix t > 0. By ( 2.6), ( 2.3), and ( 2.35), we observe that
‖e−tLPf‖L∞ ≤ C sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
|〈f, e−tL∗Pφ〉|
≤ C‖f‖Lp,r sup
‖φ‖L1≤1
‖e−tL∗Pφ‖Lp′,r′
≤ C‖f‖Lp,rt−
3
2
(
1− 1
p′
)
,
which is ( 2.36). Similarly, we have ( 2.37). Therefore the lemma follows. 
Now we derive Lp-Lq type estimates for the Oseen semigroup.
Lemma 2.16 (Lp-Lq type estimates for the Oseen semigroup).
Let 3/2 ≤ p, q < ∞ and 1 ≤ r1, r2 ≤ ∞ such that p < q. Let j ∈ {1, 2, 3}. Then
there is C = C(γ, p, q, r1, r2) > 0 such that for all f ∈ [C∞0 (Ω)]3 and t > 0
‖e−tLP∂jf‖Lq,r1 ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,r2 ,(2.38)
‖e−tL∗P∂jf‖Lq,r1 ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,r2 .(2.39)
Proof of Lemma 2.16. Set ℓ = (p + q)/2. Applying ( 2.2), ( 2.10), ( 2.3), and
( 2.27), we check that
‖e−tLP∂jf‖Lq,r1 ≤ C‖e−tLP∂jf‖Lq,1
≤ C sup
ϕ∈Lq
′,∞
σ , ‖ϕ‖Lq′,∞≤1
|〈e− t2LP∂jf, e− t2L
∗
ϕ〉|
≤ C‖e− t2LP∂jf‖Lℓ,∞ sup
‖ϕ‖
Lq
′,∞≤1
‖e− t2L∗ϕ‖Lℓ′,1
≤ Ct− 32
(
1
q′
− 1
ℓ′
)
‖e− t2LP∂jf‖Lℓ,∞ .(2.40)
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Here 1/ℓ+1/ℓ′ = 1 and 1/q+1/q′ = 1. Note that ℓ′ > q′ since q > ℓ. Using ( 2.10),
( 2.3), and ( 2.19), we observe that
‖e− t2LP∂jf‖Lℓ,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lℓ′,1≤1
|〈f,−∂je− t2L
∗
ϕ〉|
≤ C‖f‖Lp,r2 sup
‖ϕ‖
Lℓ
′,1≤1
‖∇e− t2L∗ϕ‖
Lp
′,r′
2
≤ C‖f‖Lp,r2 sup
‖ϕ‖
Lℓ
′,1≤1
‖∇e− t2L∗ϕ‖Lp′,1
≤ Ct− 12− 32
(
1
ℓ′
− 1
p′
)
‖f‖Lp,r2 .(2.41)
Note that p′ ≤ 3 since 3/2 ≤ p. Combining ( 2.40) and ( 2.41) gives
‖e−tLP∂jf‖Lq,r1 ≤ Ct−
1
2−
3
2 (
1
p−
1
q )‖f‖Lp,r2 .
Thus, we have ( 2.38). Similarly, we obtain ( 2.39). 
2.5. Fractional Powers of the Oseen Operator in the Lorentz Space. In
this subsection we study fractional powers of the Oseen operator. Let Lq,r and
L∗q,r be the two operators defined by Subsection 2.3. Since e
−tLq,r is a uniformly
bounded C0-semigroup on L
q,r
σ (Ω) if 1 < q < ∞ and 1 ≤ r < ∞, one can define
fractional powers of the operator (Lq,r + η) for η ≥ 0. More precisely, for each
0 < ζ < 1, we define Lζq,rf := limη→0+0(Lq,r + η)
ζf , D(Lζq,r) := D((Lq,r + η)
ζ).
Since e−tLq,r is an analytic semigroup on Lq,rσ (Ω), we apply [40, Theorem 6.13 in
Chapter 2], we obtain
Lemma 2.17. Let 1 < q <∞ and 1 ≤ r <∞. Then for each 0 < ζ ≤ 1 and η > 0
there is C = C(γ, q, r, ζ, η) > 0 such that for each t > 0, f ∈ Lq,rσ (Ω), g ∈ D(Lζq,r),
and h ∈ D((L∗q,r)ζ),
‖(Lq,r + η)ζe−tLq,rf‖Lq,r ≤ Ct−ζeηt‖f‖Lq,r ,(2.42)
‖(L∗q,r + η)ζe−tL
∗
q,rf‖Lq,r ≤ Ct−ζeηt‖f‖Lq,r ,(2.43)
‖e−tLq,rg − g‖Lq,r ≤ Ctζeηt‖(Lq,r + η)ζg‖Lq,r ,(2.44)
‖e−tL∗q,rh− h‖Lq,r ≤ Ctζeηt‖(L∗q,r + η)ζh‖Lq,r .(2.45)
See also [24, Lemma 3.13 and the proof] for details.
We introduce fractional powers of the Oseen operator Lq,∞ in L
q,∞
σ (Ω). Let
1 < q, q′ < ∞ such that 1/q + 1/q′ = 1. For each 0 < ζ < 1 and η > 0, we define
(Lq,∞ + η)
ζ as follows: for all g ∈ D((L∗q′,1)ζ)
〈(Lq,∞ + η)ζf, g〉 := 〈f, (L∗q′,1 + η)ζg〉
and
D((Lq,∞ + η)
ζ) := {f ∈ Lq,∞σ (Ω); ‖(Lq,∞ + η)ζf‖Lq,∞ < +∞}.
Moreover, for 0 < ζ < 1, we define Lζq,∞ in L
q,∞
σ as follows: g ∈ D((L∗q′,1)ζ)
〈Lζq,∞f, g〉 := lim
η→0+0
〈f, (L∗q′,1 + η)ζg〉 and D(Lζq,∞) := D((Lq,∞ + 1)ζ).
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Note that D((Lq,∞ + η)
ζ) is not empty. In fact, by definition and Lemma 2.9, we
check that for each f ∈ D(Lq,∞)
‖(Lq,∞ + η)ζf‖Lq,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lq′,1≤1
|〈f, (L∗q′,1 + η)ζϕ〉|
= C sup
‖ϕ‖
Lq
′,1≤1
|〈f, (L∗q′,1 + η)(L∗q′,1 + η)−(1−ζ)ϕ〉|
= C sup
‖ϕ‖
Lq
′,1≤1
|〈(Lq,∞ + η)f, (L∗q′,1 + η)−(1−ζ)ϕ〉|
≤ C(η)‖(Lq,∞ + η)f‖Lq,∞ .
Here we used that fact that ‖(L∗q′,1 + η)−(1−ζ)ϕ‖Lq′,1 ≤ C(ζ, η)‖ϕ‖Lq′ ,1 .
Now we study fractional powers of the operator Lq,∞.
Lemma 2.18. Let 1 < q < ∞. Then for each 0 < ζ ≤ 1 and η > 0 there is
C = C(γ, q, ζ, η) > 0 such that for each t > 0, f ∈ Lq,∞σ (Ω), g ∈ D(Lζq,∞), and
h ∈ D((L∗q,∞)ζ),
‖(Lq,∞ + η)ζe−tLq,∞f‖Lq,∞ ≤ Ct−ζeηt‖f‖Lq,∞ ,(2.46)
‖(Lq,∞ + η)ζe−tL
∗
q,∞f‖Lq,∞ ≤ Ct−ζeηt‖f‖Lq,∞ ,(2.47)
‖e−tLq,∞g − g‖Lq,∞ ≤ Ctζeηt‖(Lq,∞ + η)ζg‖Lq,∞ ,(2.48)
‖e−tL∗q,∞h− h‖Lq,∞ ≤ Ctζeηt‖(L∗q,∞ + η)ζh‖Lq,∞ .(2.49)
Proof of Lemma 2.18. We first show ( 2.46). By definition, ( 2.11), ( 2.3), and
( 2.43), we see that
‖(Lq,∞ + η)ζe−tLq,∞f‖Lq,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lq′,1≤1
|〈f, e−tL∗q′,1(L∗q′,1 + η)ζϕ〉|
≤ C‖f‖Lq,∞ sup
‖ϕ‖
Lq
′,1≤1
‖(L∗q′,1 + η)ζe−tL
∗
q′,1ϕ‖Lq′,1
≤ Ct−ζeηt‖f‖Lq,∞ ,
where 1/q + 1/q′ = 1. Thus, we see ( 2.46), Similarly, we have ( 2.47).
Next we show ( 2.48). Using Lemmas 2.9 and 2.17, we check that
‖e−tLq,∞f − f‖Lq,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lq′,1≤1
|〈f, (e−tL∗q′,1 − 1)ϕ〉|
= C sup
‖ϕ‖
Lq
′,1≤1
|〈(Lq,∞ + η)ζf, (e−tL
∗
q′,1 − 1)(L∗q,1 + η)−ζϕ〉|
≤ Ctζeηt‖(Lq,∞ + η)ζf‖Lq,∞ .
Therefore we see ( 2.48). Similar, we obtain ( 2.49). 
Finally, we prove a key lemma.
Lemma 2.19. Let 1 < q ≤ 3, η > 0, and 1/2 < ζ < 1. Then there is C =
C(q, η, ζ) > 0 such that for all f ∈ D(Aq,1)
‖∇f‖Lq,1 ≤ C‖(Lq,1 + η)ζf‖Lq,1 ,(2.50)
‖∇f‖Lq,1 ≤ C‖(L∗q,1 + η)ζf‖Lq,1 .(2.51)
To prove Lemma 2.19, we prepare the following two lemmas.
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Lemma 2.20. [45, Theorem 2.1] Let 1 < q ≤ 3. Then there is C = C(q) > 0 such
that for all f ∈ D(A1/2q,1 )
(2.52) ‖∇f‖Lq,1 ≤ C‖A1/2q,1 f‖Lq,1 .
Lemma 2.21. [40, Theorem 6.12 in Chap.2] Let X be a Banach space and ‖ · ‖X
its norm. Let A : D(A )(⊂ X) → X be a closed linear operator densely defined
in X. Let B : D(B)(⊂ X) → X be a closed linear operator on X such that
D(A ) ⊂ D(B). Let 0 < α, ζ < 1 such that α < ζ. Suppose that 0 ∈ ρ(A ). Assume
that there is C > 0 such that for all ε > 0 and f ∈ D(A )
‖Bf‖X ≤ ε1−α‖A f‖X + Cε−α‖f‖X.
Then there is C = C(ζ) > 0 such that for all f ∈ D(A )
‖Bf‖X ≤ C‖A ζf‖X .
Let us attack Lemma 2.19.
Proof of Lemma 2.19 . We only show ( 2.50) since the proof to derive ( 2.51) is
similar.
We first show that for each η > 0 there is C = C(η) > 0 such that for all
f ∈ D(Aq,1)
(2.53) ‖Aq,1f‖Lq,1 ≤ C‖(Lq,1 + η)f‖Lq,1 .
Fix f ∈ D(Aq,1). Applying ( 2.52), the moment inequality, and the Young inequal-
ity, we check that
‖Aq,1f‖Lp,1 ≤ ‖(Lq,1 + η)f‖Lq,1 + C‖∇f‖Lq,1 + C‖f‖Lq,1
≤ C‖(Lq,1 + η)f‖Lq,1 + C‖A1/2q,1 f‖Lq,1 + C‖f‖Lq,1
≤ C‖(Lq,1 + η)f‖Lq,1 +
1
2
‖Aq,1f‖Lq,1 + C‖f‖Lq,1 .
Since ‖f‖Lq,1 ≤ C‖(Lq,1 + η)f‖Lq,1 , we have ( 2.53).
Next we prove that there is C > 0 such that for all f ∈ D(Aq,1)
‖A1/2q,1 f‖Lq,1 ≤ ε1/2‖(Lq,1 + η)f‖Lq,1 + C
1
ε1/2
‖f‖Lq,1 .
Fix f ∈ D(Aq,1). Using ( 2.52) the moment inequality, we see that
‖A1/2q,1 f‖Lq,1 ≤ C‖Aq,1f‖
1
2
Lq,1‖f‖
1
2
Lq,1
≤ C‖(Lq,1 + η)f‖
1
2
Lq,1‖f‖
1
2
Lq,1 =: (RHS).
The Young inequality shows that for each ε > 0
(RHS) ≤ ε 12 ‖(Lq,1 + η)f‖Lq,1 + Cε−
1
2 ‖f‖Lq,1 .
Applying Lemma 2.21, we see that for each 1/2 < ζ < 1 there is C = C(ζ) > 0
such that for all f ∈ D(Aq,1)
‖∇f‖Lq,1 ≤ C‖(Lq,1 + η)ζf‖Lq,1 .
Therefore the lemma follows. 
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2.6. Key estimates for the Oseen semigroup. Throughout this subsection we
assume that |u∞| ≤ γ for some γ > 0, and the symbols L and L∗ represent the two
linear operators defined by Subsection 2.3. The aim of this subsection is to prove
the following lemma.
Lemma 2.22.
(i) Let 1/2 < ζ < 1 and 0 < α < 1/2 such that ζ + α < 1. Let 1 < p, q ≤ 3 and
1 ≤ r ≤ ∞ such that p < q. Then there is C = C(γ, ζ, α, p, q, r) > 0 such that for
all t1, t2 > 0 and φ ∈ [Lp,r(Ω)]3
‖∇{(e−t2L − 1)e−t1LPφ}‖Lq,1 ≤ Ctα2 e
t1
2 +t2(t1)
−ζ−α− 32 (
1
p−
1
q )‖φ‖Lp,r ,(2.54)
‖∇{(e−t2L∗ − 1)e−t1L∗Pφ}‖Lq,1 ≤ Ctα2 e
t1
2 +t2(t1)
−ζ−α− 32 (
1
p−
1
q )‖φ‖Lp,r .(2.55)
(ii) Let j ∈ {1, 2, 3}, 0 < α < 1, and 3/2 ≤ q ≤ 3. Then there is C = C(γ, α, q) > 0
such that for all t1, t2 > 0 and φ ∈ [C∞0 (Ω)]3
‖(e−t2L − 1)e−t1LP∂jφ‖Lq,1 ≤ Ctα2 e
t1
2 +t2(t1)
−α− 32 (1−
1
q )‖φ‖
L
3
2
,1 ,(2.56)
‖(e−t2L∗ − 1)e−t1L∗P∂jφ‖Lq,1 ≤ Ctα2 e
t1
2 +t2(t1)
−α− 32 (1−
1
q )‖φ‖
L
3
2
,1 .(2.57)
(iii) Let 0 < α < 1 and 1 < q < ∞. There is C = C(γ, α, q) > 0 such that for all
t1, t2 > 0 and φ ∈ [C∞0 (Ω)]3
‖(e−t2L − 1)e−t1LPφ‖Lq,1 ≤ Ctα2 e
t1
2 +t2(t1)
−α− 32 (1−
1
q )‖φ‖L1,(2.58)
‖(e−t2L∗ − 1)e−t1L∗Pφ‖Lq,1 ≤ Ctα2 e
t1
2 +t2(t2)
−α− 32 (1−
1
q )‖φ‖L1 .(2.59)
Proof of Lemma 2.22. We first derive ( 2.54) to prove (i). Fix t1, t2 > 0 and φ ∈
[Lp,r(Ω)]3. Using ( 2.50), ( 2.44), ( 2.10), ( 2.26), and ( 2.43), we see that
‖∇{(e−t2L − 1)e−t1LPφ}‖Lq,1 ≤ C‖(e−t2L − 1)e−
t1
2 L(L+ 1)ζe−
t1
2 LPφ‖Lq,1
≤ Ctα2 et2‖e−
t1
2 L(L+ 1)ζ+αe−
t1
2 LPφ‖Lq,1
≤ Ctα2 et2 sup
ϕ∈Lq
′,∞
σ , ‖ϕ‖Lq′,∞≤1
|〈e− t12 LPφ, (L∗ + 1)ζ+αe− t12 L∗ϕ〉|
≤ Ctα2 et2‖e−
t1
2 LPφ‖Lq,1 sup
‖ϕ‖
Lq
′,∞≤1
‖(L∗ + 1)ζ+αe− t12 L∗ϕ‖Lq′,∞
≤ Ctα2 et2t
− 32 (
1
p−
1
q )
1 ‖φ‖Lp,rt−ζ−α1 e
t1
2 .
Here 1/q + 1/q′ = 1. Thus, we have ( 2.54). Similarly, we obtain ( 2.55).
Secondly, we prove ( 2.56) to show (ii). Using ( 2.44), ( 2.10), ( 2.38), and
( 2.42), we check that
‖(e−t2L − 1)e−t1LP∂jφ‖Lq,1 ≤ Ctα2 et2‖e−
t1
2 L(L+ 1)αe−
t1
2 LP∂jφ‖Lq,1
≤ Ctα2 et2 sup
ϕ∈Lq
′,∞
σ , ‖ϕ‖Lq′,∞≤1
|〈e− t12 LP∂jφ, (L∗ + 1)αe−
t1
2 L
∗
ϕ〉|
≤ Ctα2 et2‖e−
t1
2 LP∂jφ‖Lq,1 sup
‖ϕ‖
Lq
′,∞≤1
‖(L∗ + 1)αe− t12 L∗ϕ‖Lq′,∞
≤ Ctα2 et2t
− 12−
3
2 (
2
3−
1
q )
1 ‖φ‖L 32 ,1t
−α
1 e
t1
2 .
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Therefore we have ( 2.56). Similarly, we see ( 2.57).
Finally, we attack ( 2.58) to prove (iii). By ( 2.44), ( 2.10), ( 2.26), ( 2.34), and
( 2.43), we check that
‖(e−t2L − 1)e−t1LPφ‖Lq,1 ≤ Ctα2 et2‖e−
t1
2 L(L+ 1)αe−
t1
2 LPφ‖Lq,1
≤ Ctα2 et2 sup
ϕ∈Lq
′,∞
σ , ‖ϕ‖Lq′,∞≤1
|〈e− t12 LPφ, (L∗ + 1)αe− t12 L∗ϕ〉|
≤ Ctα2 et2‖e−
t1
2 LPφ‖Lq,1 sup
‖ϕ‖
Lq
′,∞≤1
‖(L∗ + 1)αe− t12 L∗ϕ‖Lq′,∞
≤ Ctα2 et2t
− 3(q−1)2q
1 ‖φ‖L1t−α1 e
t1
2 .
Thus, we see ( 2.58). Similarly, we have ( 2.59). Therefore the lemma follows. 
3. Global-in-Time Generalized Mild Solution
In this section we establish the existence of a unique global-in-time generalized
mild solution of the system ( 1.5) when v0 ∈ L3,∞σ (Ω) and both ‖v0‖L3,∞ and
‖w‖L3,∞ are sufficiently small. Moreover, we investigate the asymptotic stability
of the generalized mild solution. To this end, we first discuss both the uniqueness
and the weak continuity of the generalized mild solutions of ( 1.5), and we show
the existence of a unique global-in-time generalized mild solution of ( 1.5) to prove
Theorem 1.10. Secondly, we derive the asymptotic stability of the generalized mild
solution to prove Theorem 1.11.
Throughout this section we assume that w is as in Assumption 1.1 and that
|u∞| ≤ γ for some γ > 0. Let 3 < p <∞ and 1 < p′ < 3/2 such that 1/p+1/p′ = 1.
Fix p and p′. The symbols L and L∗ represent the two linear operators defined by
Subsection 2.3.
3.1. Global-in-Time Generalized Mild Solution. We first study the unique-
ness and the weak continuity of the generalized mild solutions of the system ( 1.5).
Lemma 3.1 (Uniqueness (I)). Let T ∈ (0,∞]. Suppose that a, b ∈ L3,∞σ (Ω) and
that
v, u ∈ BC((0, T );L3,∞σ (Ω)).
Set
(3.1) δ := max{ sup
0<t<T
{‖v(t)‖L3,∞}, sup
0<t<T
{‖u(t)‖L3,∞}, ‖w‖L3,∞}.
Assume that for every 0 < t < T and ϕ ∈ C∞0,σ(Ω)
〈v(t), ϕ〉 = 〈a, e−tL∗ϕ〉+
∫ t
0
〈v ⊗ v + v ⊗ w + w ⊗ v,∇e−(t−s)L∗ϕ〉ds,
〈u(t), ϕ〉 = 〈b, e−tL∗ϕ〉 +
∫ t
0
〈u⊗ u+ u⊗ w + w ⊗ u,∇e−(t−s)L∗ϕ〉ds.
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Then there are δ† = δ†(γ) > 0 and K† = K†(γ) > 0 such that if δ ≤ δ† then
sup
0<t<T
{‖v(t)− u(t)‖L3,∞} ≤K†‖a− b‖L3,∞ ,(3.2)
sup
0<t<T
{‖v(t)‖L3,∞} ≤K†‖a‖L3,∞,(3.3)
sup
0<t<T
{‖u(t)‖L3,∞} ≤K†‖b‖L3,∞.(3.4)
Lemma 3.2 (Weak continuity). Under the same assumptions of Lemma 3.1, for
each ψ ∈ L3/2,1σ (Ω)
lim
t→0+0
〈v(t), ψ〉 = 〈a, ψ〉,(3.5)
lim
t→0+0
〈u(t), ψ〉 = 〈b, ψ〉.(3.6)
Lemma 3.3 (Uniqueness (II)). Under the same hypotheses of Lemma 3.1, we
assume in addition that
v, u ∈ C((0, T );Lp,∞σ (Ω)).
Then there are δ†† = δ††(γ, p) > 0 and K†† = K††(γ, p) > 0 such that if δ ≤ δ††
then
sup
0<t<T
{‖v(t)− u(t)‖L3,∞} ≤K††‖a− b‖L3,∞ ,(3.7)
sup
0<t<T
{t p−32p ‖v(t)− u(t)‖Lp,∞} ≤K††‖a− b‖L3,∞ ,(3.8)
sup
0<t<T
{‖v(t)‖L3,∞}+ sup
0<t<T
{t p−32p ‖v(t)‖Lp,∞} ≤K††‖a‖L3,∞ ,(3.9)
sup
0<t<T
{‖u(t)‖L3,∞}+ sup
0<t<T
{t p−32p ‖u(t)‖Lp,∞} ≤K††‖b‖L3,∞.(3.10)
Here δ is the constant defined by ( 3.1). Moreover, assume in addition that a, b ∈
L3,rσ (Ω) for some 1 < r <∞. Then the two assertions hold:
(i)
v, u ∈ BC((0, T );L3,rσ (Ω)).
(ii) There is K††† = K†††(γ, p, r) > 0 such that
sup
0<t<T
{‖v(t)− u(t)‖L3,r} ≤K†††‖a− b‖L3,r ,(3.11)
sup
0<t<T
{‖v(t)‖L3,r} ≤K†††‖a‖L3,r ,(3.12)
sup
0<t<T
{‖u(t)‖L3,r} ≤K†††‖b‖L3,r .(3.13)
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Proof of Lemma 3.1. Let us derive ( 3.2). Using ( 2.11), ( 2.3), ( 2.4), ( 2.17), and
( 2.25), we check that for 0 < t < T
‖v(t)− u(t)‖L3,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖
L
3
2
,1
≤1
|〈v(t)− u(t), ϕ〉|
≤ C sup
‖ϕ‖
L
3
2
,1
≤1
|〈a− b, e−tL∗ϕ〉|
+ C sup
‖ϕ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t
0
〈(v(s) − u(s))⊗ v(s) + u(s)⊗ (v(s) − u(s))
+ (v(s) − u(s))⊗ w + w ⊗ (v(s)− u(s)),∇e−(t−s)L∗ϕ〉ds
∣∣∣∣
≤ C‖a− b‖L3,∞ + Cδ sup
‖ϕ‖
L
3
2
,1
≤1
∫ t
0
‖v(s)− u(s)‖L3,∞‖∇e−(t−s)L
∗
ϕ‖L3,1ds
≤ C1‖a− b‖L3,∞ + C1δ sup
0<s<t
{‖v(s)− u(s)‖L3,∞}.
Note that C1 = C1(γ) > 0 does not depend on both t and T . Therefore we see that
(3.14) sup
0<t<T
{‖v(t)− u(t)‖L3,∞} ≤ 2C1‖a− b‖L3,∞
if C1δ ≤ 1/2. This gives ( 3.2). Similarly, we have ( 3.3) and ( 3.4). Remark that
δ† := 1/(2C1) and K† := 2C1. 
Proof of Lemma 3.2. We first show ( 3.5). Fix ψ ∈ L3/2,1σ (Ω) and ε > 0. Since
C∞0,σ(Ω) is dense in L
3/2,1
σ (Ω), there is ψ0 ∈ C∞0,σ(Ω) such that
(3.15) ‖ψ − ψ0‖
L
3
2
,1 < min
{
ε
3δ
,
ε
3‖a‖L3,∞
}
.
Here δ is defined by ( 3.1). By ( 2.3) and ( 3.15), we see that for t > 0
|〈v(t), ψ〉 − 〈a, ψ〉| ≤|〈v(t), ψ − ψ0〉|+ |〈v(t) − a, ψ0〉|+ |〈a, ψ0 − ψ〉|
≤(‖v(t)‖L3,∞ + ‖a‖L3,∞)‖ψ − ψ0‖L 32 ,1 + |〈v(t) − a, ψ0〉|
<
2
3
ε+ |〈v(t) − a, ψ0〉|.(3.16)
Using ( 2.3), ( 2.4), and ( 2.19), we check that for t > 0
|〈v(t)− a, ψ0〉|
≤ |〈a, (e−tL∗ − 1)ψ0〉|+
∣∣∣∣
∫ t
0
〈v ⊗ v + v ⊗ w + w ⊗ v,∇e−(t−s)L∗ψ0〉ds
∣∣∣∣
≤ |〈a, (e−tL∗ − 1)ψ0〉|+ Cδ2
∫ t
0
‖∇e−(t−s)L∗ψ0‖L3,1ds
≤ ‖a‖L3,∞‖(e−tL
∗ − 1)ψ0‖
L
3
2
,1 + Cδ
2
∫ t
0
‖ψ0‖L2,1
(t− s) 34 ds
≤ ‖a‖L3,∞‖(e−tL
∗ − 1)ψ0‖
L
3
2
,1 + Ct
1
4 δ2‖ψ0‖L2,1 .
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Since e−tL
∗
is a C0-semigroup on L
3/2,1
σ (Ω), there is T0 > 0 such that for 0 < t < T0
(3.17) |〈v(t) − a, ψ0〉| < ε
3
.
Combining ( 3.16) and ( 3.17) implies that for 0 < t < T0
|〈v(t)− a, ψ〉| < ε.
Since ε is arbitrary, we see ( 3.5). Similarly, we have ( 3.6). 
Proof of Lemma 3.3. Let C1 be the constant appearing in ( 3.14). Assume that
δ ≤ 1/(2C1). We first derive ( 3.8). Let t ∈ (0, T ). Using ( 2.11), we check that
t
p−3
2p ‖v(t)− u(t)‖Lp,∞ ≤ Ct
p−3
2p sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
|〈a− b, e−tL∗ϕ〉|
+ Ct
p−3
2p sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
∣∣∣∣
∫ t
2
0
〈(v(s) − u(s))⊗ v(s) + u(s)⊗ (v(s) − u(s))
+ (v(s) − u(s))⊗ w + w ⊗ (v(s)− u(s)),∇e−(t−s)L∗ϕ〉ds
∣∣∣∣
+ Ct
p−3
2p sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
∣∣∣∣
∫ t
t
2
〈(v(s)− u(s))⊗ v(s) + u(s)⊗ (v(s)− u(s))
+ (v(s) − u(s))⊗ w + w ⊗ (v(s)− u(s)),∇e−(t−s)L∗ϕ〉ds
∣∣∣∣
=: J1(t) + J2(t) + J3(t).
By ( 2.3) and ( 2.17), we have
J1(t) ≤ C‖a− b‖L3,∞ .
Note that p′ < 3/2. Using ( 2.3), ( 2.4), and ( 2.19), we see that
J2(t) ≤ Cδt
p−3
2p
∫ t
2
0
(s
p−3
2p ‖v(s)− u(s)‖Lp,∞)
(t− s)s p−32p
ds
≤ Cδ
∫ t
2
0
(s
p−3
2p ‖v(s)− u(s)‖Lp,∞)
(t− s) p+32p s p−32p
ds
≤ Cδ sup
0<s<t
{s p−32p ‖v(s)− u(s)‖Lp,∞}.
Note that p′ < 3p/(2p− 3) < 3. From ( 2.3), ( 2.4), and ( 2.25), we observe that
J3(t) ≤ Cδt
p−3
2p sup
‖ϕ‖
Lp
′,1≤1
∫ t
t
2
(s
p−3
2p ‖v(s)− u(s)‖Lp,∞)
s
p−3
2p
‖∇e−(t−s)L∗ϕ‖
L
3p
2p−3
,1ds
≤ Cδ sup
‖ϕ‖
Lp
′,1≤1
∫ t
t
2
(s
p−3
2p ‖v(s)− u(s)‖Lp,∞)‖∇e−(t−s)L
∗
ϕ‖
L
3p
2p−3
,1ds
≤ Cδ sup
0<s<t
{s p−32p ‖v(s)− u(s)‖Lp,∞}.
Consequently, there is C2 = C2(γ, p) > 0 such that for 0 < t < T
t
p−3
2p ‖v(t)− u(t)‖Lp,∞ ≤ C2‖a− b‖L3,∞ + C2δ sup
0<s<t
{s p−32p ‖v(s)− u(s)‖Lp,∞}.
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Therefore we find that
sup
0<t<T
{t p−32p ‖v(t)− u(t)‖Lp,∞} ≤ 2C2‖a− b‖L3,∞
if C2δ ≤ 1/2. This gives ( 3.8). Similarly, we have ( 3.9) and ( 3.10). Remark that
δ†† := min{1/(2C1), 1/(2C2)} and K†† := 2C1 + 2C2. By the same argument to
derive ( 3.2), we have ( 3.7).
Next we show (i) and (ii). We now assume that δ ≤ δ† and that a, b ∈ L3,rσ (Ω)
for some 1 < r <∞. Let r′ ∈ (1,∞) such that 1/r + 1/r′ = 1.
We shall show that v ∈ BC((0, T );L3,rσ (Ω)). Let t ∈ (0, T ). Using ( 2.11), ( 2.3),
( 2.4), ( 2.17), ( 3.3), and ( 2.29), we check that
‖v(t)‖L3,r ≤ C sup
ϕ∈C∞0,σ ‖ϕ‖
L
3
2
,r′
≤1
|〈a, e−tL∗ϕ〉|
+ Cδ sup
ϕ∈C∞0,σ ‖ϕ‖
L
3
2
,r′
≤1
∫ t
0
(s
p−3
2p ‖v(s)‖Lp,∞)
s
p−3
2p
‖∇e−(t−s)L∗ϕ‖
L
3p
2p−3
,1ds
≤ C‖a‖L3,r + CδK††‖a‖L3,∞
∫ t
0
1
s
p−3
2p (t− s) p+32p
ds
≤ C‖a‖L3,r + CδK††‖a‖L3,∞.
This shows that
(3.18) sup
0<t<T
{‖v(t)‖L3,r} ≤ C‖a‖L3,r + CδK†‖a‖L3,∞ < +∞.
Fix ε > 0 such that ε < T . Let t1, t2 > 0 such that ε ≤ t1 ≤ t2 < T . By ( 2.11),
we see that
‖v(t2)− v(t1)‖L3,r ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖
L
3
2
,r′
≤1
|〈a, (e−(t2−t1)L∗ − 1)e−t1L∗ϕ〉|
+ C sup
‖ϕ‖
L
3
2
,r′
≤1
∣∣∣∣
∫ t1
0
〈v ⊗ v + v ⊗ w + w ⊗ v,∇(e−(t2−s)L∗ − e−(t1−s)L∗)ϕ〉ds
∣∣∣∣
+ C sup
‖ϕ‖
L
3
2
,r′
≤1
∣∣∣∣
∫ t2
t1
〈v(s)⊗ v(s) + v(s)⊗ w + w ⊗ v(s),∇e−(t2−s)L∗ϕ〉ds
∣∣∣∣
=: J4(t1, t2) + J5(t1, t2) + J6(t1, t2).
Using ( 2.3), ( 2.45), and ( 2.43), we find that
J4(t1, t2) ≤ C‖a‖L3,r(t2 − t1)
1
4 e(t2−t1) sup
‖ϕ‖
L
3
2
,r′
≤1
‖(L∗ + 1) 14 e−t1Lϕ‖
L
3
2
,r′
≤ C(T )(t2 − t1) 14 et1t−
1
4
1 ≤ C(ε, T )(t2 − t1)
1
4 .
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Applying ( 2.3), ( 2.4), ( 3.3), and ( 2.55), we check that
(3.19) J5(t1, t2) ≤ C sup
‖ϕ‖
L
3
2
,r′
≤1
{∫ t1
0
(‖v(s)‖L3,∞ + ‖w‖L3,∞)(s
p−3
2p ‖v(s)‖Lp,∞)
s
p−3
2p
· ‖∇{(e−(t2−t1)L∗ − 1)e−(t1−s)L∗ϕ}‖
L
3p
2p−3
,1ds
}
≤ CδK††‖a‖L3,∞
∫ t1
0
1
s
p−3
2p
· (t2 − t1)
1
4p e
t1−s
2 +t2−t1(t1 − s)−(
1
2+
1
4p )−
1
4p−
3
2p ds
≤ C(T )t−
1
2p
1 (t2 − t1)
1
4p ≤ C(ε, T )(t2 − t1)
1
4p .
By ( 2.3), ( 2.4), ( 3.3), and ( 2.29), we observe that
J6(t1, t2) ≤ C sup
‖ϕ‖
L
3
2
,r′
≤1
{∫ t2
t1
(‖v(s)‖L3,∞ + ‖w‖L3,∞)(s
p−3
2p ‖v(s)‖Lp,∞)
s
p−3
2p
· ‖∇e−(t2−s)L∗ϕ‖
L
3p
2p−3
,1ds
}
≤ CδK††‖a‖L3,∞t
− p−32p
1
∫ t2
t1
1
(t2 − s)
p+3
2p
ds ≤ C(ε)(t2 − t1)
p−3
2p .
Therefore we conclude that
‖v(t2)− v(t1)‖L3,r → 0 as t2 → t1.
This implies that
v ∈ C([ε, T );L3,rσ (Ω)).
Since ε is arbitrary, it follows from ( 3.18) that
v ∈ BC((0, T );L3,rσ (Ω)).
Similarly, we check that u ∈ BC((0, T );L3,rσ (Ω)). Therefore we see (i).
Finally, we show (ii). By the same argument to derive ( 3.18), we see that for
0 < t < T
‖v(t)− u(t)‖L3,r ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖
L
3
2
,r′
≤1
|〈a− b, e−tL∗ϕ〉|
+ Cδ sup
ϕ∈C∞0,σ, ‖ϕ‖
L
3
2
,r′
≤1
∫ t
0
(s
p−3
2p ‖v(s)− u(s)‖Lp,∞)
s
p−3
2p (t− s) p+32p
ds
≤ C‖a− b‖L3,r + CδK††‖a− b‖L3,∞.
Since ‖ · ‖L3,∞ ≤ C‖ · ‖L3,r , we have
‖v(t)− u(t)‖L3,r ≤ C‖a− b‖L3,r + CδK††‖a− b‖L3,r .
Therefore we see that there is C3 = C3(γ, p, r) > 0 such that
sup
0<t<T
{‖v(t)− u(t)‖L3,r} ≤ C3‖a− b‖L3,r ,
which is ( 3.11). Similarly, we have ( 3.12) and ( 3.13). Remark that K††† := 2C3.
Therefore the lemma follows. 
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[[ Let us show the existence of a unique global-in-time generalized mild solution
of the system ( 1.5). We apply a contraction mapping theory to obtain a unique
global-in-time generalized mild solution. However, the argument for the application
of the contraction mapping theory is not simple, so we give a detailed proof of
Theorem 1.10.
Proof of Theorem 1.10. Let δ > 0. Define
Xδp := {f ∈ BC((0,∞);L3,∞σ (Ω)) ∩ C((0,∞);Lp,∞σ (Ω)); ‖f‖Xp ≤ δ},
where ‖f‖Xp = sup
t>0
{‖f(t)‖L3,∞}+ sup
t>0
{t p−32p ‖f(t)‖Lp,∞}.
For each u ∈ Xδp , a ∈ L3,∞σ (Ω), ψ ∈ L3/2,1σ (Ω), and t > 0, we set
M(u, a, ψ, t)
:= 〈a, e−tL∗ψ〉+
∫ t
0
〈u(s)⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t−s)L∗ψ〉ds.
By ( 2.3), ( 2.4), ( 2.17), and ( 2.25), we check that that for all u ∈ Xδp , a ∈
L3,∞σ (Ω), ψ ∈ L3/2,1σ (Ω), and t > 0,
(3.20) |M(u, a, ψ, t)| ≤ ‖a‖L3,∞‖e−tL
∗
ψ‖
L
3
2
,1
+ C
∫ t
0
(‖u(s)‖L3,∞ + ‖w‖L3,∞)‖u(s)‖L3,∞‖∇e−(t−s)L
∗
ψ‖L3,1ds
≤ C‖a‖L3,∞‖ψ‖L 32 ,1 + C(δ + ‖w‖L3,∞)δ‖ψ‖L 32 ,1 .
Note that the above constant C > 0 does not depend on t.
Let us attack Theorem 1.10. Fix u ∈ Xδp and a ∈ L3,∞σ (Ω). To prove Theorem 1.10,
we pass through four steps. In the first step, we show the existence of a L3,∞σ -valued
function v such that 〈v(t), ψ〉 = M(u, a, ψ, t) for ψ ∈ L3/2,1σ (Ω) and t > 0. In the
second step, we prove that the function v belongs to Xp. In the third step, we show
that the map M is a contraction mapping such that M : Xδp → Xδp if ‖a‖L3,∞,
‖w‖L3,∞ , and δ are sufficiently small. In the final step, we apply a contraction
mapping theory to show the existence of a unique global-in-time generalized mild
solution of the system ( 1.5) when both ‖a‖L3,∞ and ‖w‖L3,∞ are sufficiently small.
Step 1: “Existence of a function v such that 〈v(t), ψ〉 =M(u, a, ψ, t).”
Let u ∈ Xδp and a ∈ L3,∞σ (Ω). We fix u and a. We now prove that there
exists a L3,∞σ -valued function v : (0,∞) ∋ t → v(t) ∈ L3,∞σ (Ω) such that for each
ψ ∈ L3/2,1σ (Ω) and t > 0,
〈v(t), ψ〉 = 〈a, e−tL∗ψ〉+
∫ t
0
〈u⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t−s)L∗ψ〉ds.
To this end, we show that M is a bounded linear functional on L3/2,1σ (Ω) when
u, a, t are fixed. From ( 3.20), we check that
|M(u, a, ψ, t)| ≤ C‖a‖L3,∞ + C(δ + ‖w‖L3,∞)δ < +∞
30 HAJIME KOBA
for every t > 0 and ψ ∈ L3/2,1σ (Ω) satisfying ‖ψ‖
L
3
2
,1 ≤ 1. Now we fix t > 0. It is
clear that for every ψ, ψ1, ψ2 ∈ L3/2,1σ (Ω) and λ ∈ R,
M(u, a, ψ1 + ψ2, t) =M(u, a, ψ1, t) +M(u, a, ψ2, t),
M(u, a, λψ, t) = λM(u, a, ψ, t).
Therefore we see that M is a bounded linear functional on L3/2,1σ (Ω) when u, a, t
are fixed. Since the dual space of L
3/2,1
σ (Ω) is L3,∞σ (Ω), we apply the Hahn-Banach
theorem to find that there is v(t) ∈ L3,∞σ (Ω) such that for every ψ ∈ L3/2,1σ (Ω)
〈v(t), ψ〉 =M(u, a, ψ, t).
Since the above argument is valid for each t > 0, we conclude that for each fixed
u ∈ Xδp and a ∈ L3,∞σ (Ω) there exists a L3,∞σ -valued function v : (0,∞) ∋ t →
v(t) ∈ L3,∞σ (Ω) such that for each ψ ∈ L3/2,1σ (Ω) and t > 0,
〈v(t), ψ〉 = 〈a, e−tL∗ψ〉+
∫ t
0
〈u⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t−s)L∗ψ〉ds.
Step 2: “Properties of v such that 〈v(t), ψ〉 =M(u, a, ψ, t).”
Let u ∈ Xδp and a ∈ L3,∞σ (Ω). We fix u and a. We assume that there exists
a L3,∞σ -valued function v : (0,∞) ∋ t → v(t) ∈ L3,∞σ (Ω) such that for each ψ ∈
L
3/2,1
σ (Ω) and t > 0,
〈v(t), ψ〉 = 〈a, e−tL∗ψ〉+
∫ t
0
〈u(s)⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t−s)L∗ψ〉ds.
We now prove that v ∈ Xp. We first estimate ‖v‖Xp . Using ( 2.11), ( 2.3), ( 2.4),
( 2.17), and ( 2.25), we observe that for t > 0
‖v(t)‖L3,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖
L
3
2
,1
≤1
|〈a, e−tL∗ϕ〉|
+ C sup
ϕ∈C∞0,σ, ‖ϕ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t
0
〈u(s)⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t−s)L∗ϕ〉ds
∣∣∣∣
≤ C‖a‖L3,∞
+ C sup
‖ϕ‖
L
3
2
,1
≤1
∫ t
0
(‖u(s)‖L3,∞ + ‖w‖L3,∞)‖u(s)‖L3,∞‖∇e−(t−s)L
∗
ϕ‖L3,1ds
≤ C(‖a‖L3,∞ + ‖w‖L3,∞δ + δ2) < +∞.
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Applying ( 2.11), ( 2.3), ( 2.4), ( 2.17), ( 2.19), and ( 2.25), we check that for t > 0
t
p−3
2p ‖v(t)‖Lp,∞ ≤ Ct
p−3
2p sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
|〈a, e−tL∗ϕ〉|
+ Ct
p−3
2p sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
∣∣∣∣
∫ t
0
〈u⊗ u+ u⊗ w + w ⊗ u,∇e−(t−s)L∗ϕ〉ds
∣∣∣∣
≤ C‖a‖L3,∞ + Ct
p−3
2p
∫ t
2
0
(‖u(s)‖L3,∞ + ‖w‖L3,∞)(s
p−3
2p ‖u(s)‖Lp,∞)
s
p−3
2p (t− s)
ds
+ Cδt
p−3
2p sup
‖ϕ‖
Lp
′,1≤1
∫ t
t
2
(‖u(s)‖L3,∞ + ‖w‖L3,∞)
s
p−3
2p
‖∇e−(t−s)L∗ϕ‖
L
3p
2p−3
,1ds
≤ C(‖a‖L3,∞ + ‖w‖L3,∞δ + δ2) < +∞.
Therefore, we conclude that there is C† = C†(γ, p) > 0 such that
(3.21) ‖v‖Xp ≤ C†(‖a‖L3,∞ + ‖w‖L3,∞δ + δ2) < +∞.
Next we show that v ∈ C((0,∞);L3,∞σ (Ω))∩C((0,∞);Lp,∞σ (Ω)). Let ε, T > 0 such
that ε < T . Fix ε and T . Let t1, t2 > 0 such that ε ≤ t1 ≤ t2 < T . By ( 2.11), we
see that
‖v(t2)− v(t1)‖L3,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖
L
3
2
,1
≤1
|〈a, (e−(t2−t1)L∗ − 1)e−t1L∗ϕ〉|
+ C sup
‖ϕ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t1
0
〈u ⊗ u+ u⊗ w + w ⊗ u,∇{(e−(t2−s)L∗ − e−(t1−s)L∗)ϕ}〉ds
∣∣∣∣
+ C sup
‖ϕ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t2
t1
〈u(s)⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t2−s)L∗ϕ〉ds
∣∣∣∣
=: I1(t1, t2) + I2(t1, t2) + I3(t1, t2).
From ( 2.3), ( 2.45), and ( 2.43), we observe that
I1(t1, t2) ≤C‖a‖L3,∞ sup
‖ϕ‖
L
3
2
,1
≤1
‖(e−(t2−t1)L∗ − 1)e−t1L∗ϕ‖
L
3
2
,1
≤C(t2 − t1) 14 et2−t1 sup
‖ϕ‖
L
3
2
,1
≤1
‖(L∗ + 1) 14 e−t1Lϕ‖
L
3
2
,1
≤Cε− 14 (t2 − t1) 14 e2T .
By the same argument to derive ( 3.19), we check that
I2(t1, t2) ≤ C sup
‖ϕ‖
L
3
2
,1
≤1
{∫ t1
0
(‖u(s)‖L3,∞ + ‖w‖L3,∞)(s
p−3
2p ‖u(s)‖Lp,∞)
s
p−3
2p
· ‖∇{(e−(t2−t1)L∗ − 1)e−(t1−s)L∗ϕ}‖
L
3p
2p−3
,1ds
}
≤ C(ε, T )(t2 − t1)
1
4p .
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Using ( 2.3), ( 2.4), and ( 2.19), we find that
I3 ≤ Cδ sup
‖ϕ‖
L
3
2
,1
≤1
∫ t2
t1
(‖u(s)‖L3,∞ + ‖w‖L3,∞)
s
p−3
2p
‖∇e−(t2−s)L∗ϕ‖
L
3p
2p−3
,1ds
≤ C(δ + ‖w‖L3,∞)δt
− p−32p
1
∫ t2
t1
1
(t2 − s)
p+3
2p
ds
≤ Cε− p−32p (t2 − t1)
p−3
2p .
Therefore we conclude that
‖v(t2)− v(t1)‖L3,∞ → 0 as t2 → t1.
This implies that
(3.22) v ∈ C([ε, T );L3,∞σ (Ω)).
Next we prove that
(3.23) v ∈ C([ε, T );Lp,∞σ (Ω)).
By ( 2.11), we have
‖v(t2)− v(t1)‖Lp,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
|〈a, e− t12 L∗(e−(t2−t1)L∗ − 1)e− t12 L∗ϕ〉|
+ C sup
‖ϕ‖
Lp
′,1≤1
∣∣∣∣
∫ t1
0
〈u⊗ u+ u⊗ w + w ⊗ u,∇{(e−(t2−s)L∗ − e−(t1−s)L∗)ϕ}〉ds
∣∣∣∣
+ C sup
‖ϕ‖
Lp
′,1≤1
∣∣∣∣
∫ t2
t1
〈u(s)⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t2−s)L∗ϕ〉ds
∣∣∣∣
=: I4(t1, t2) + I5(t1, t2) + I6(t1, t2).
Applying ( 2.3), ( 2.17), ( 2.45), and ( 2.43), we see that
I4(t1, t2)
≤ C‖a‖L3,∞t
− 32
(
1
p′
− 23
)
1 (t2 − t1)
1
4 e(t2−t1) sup
‖ϕ‖
Lp
′,1≤1
‖(L∗ + 1) 14 e−t1L∗ϕ‖Lp′,1
≤ C(ε, T )(t2 − t1) 14 .
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Set β1 = 3β/(3− β). Using ( 2.3), ( 2.4), and ( 2.55), we check that
I5(t1, t2) ≤ C sup
‖ϕ‖
Lp
′,1≤1{∫ t1
0
(s
p−3
2p ‖u(s)‖Lp,∞)2
s
p−3
p
‖∇{(e−(t2−t1)L∗ − 1)e−(t1−s)L∗ϕ}‖
L
p
p−2
,1ds
}
+ C sup
‖ϕ‖
Lp
′,1≤1
{∫ t1
0
‖w‖Lβ1,∞(s
p−3
2p ‖u(s)‖Lp,∞)
s
p−3
2p
· ‖∇{(e−(t2−t1)L∗ − 1)e−(t1−s)L∗ϕ}‖
L
pβ1
pβ1−p−β1
,1
ds
}
≤ C
∫ t1
0
1
s
p−3
p
(t2 − t1)
1
4p e
t1−s
2 +t2−t1(t1 − s)−(
1
2+
1
4p )−
1
4p−
3
2p ds
+ C
∫ t1
0
1
s
p−3
2p
(t2 − t1)
1
4β1 e
t1−s
2 +t2−t1(t1 − s)−
(
1
2+
1
4β1
)
− 14β1
− 32β1 ds
≤ C(ε, T ){(t2 − t1)
1
4p + (t2 − t1)
1
4β1 }.
Note that w ∈ Lβ1,∞(Ω) by Assumption 1.1. Note also that p′ ≤ p/(p− 2) < 3 and
that p′ ≤ pβ1/(pβ1 − p − β1) ≤ 3 since 3/2 ≤ β/(β − 1) ≤ 3 < p, 1/p+ 1/p′ = 1,
and β1 = 3β/(3− β).
From ( 2.3), ( 2.4), and ( 2.19), we observe that
I6(t1, t2) ≤ C sup
‖ϕ‖
Lp
′,1≤1
∫ t2
t1
(s
p−3
2p ‖u(s)‖Lp,∞)2
s
p−3
p
‖∇e−(t2−s)L∗ϕ‖
L
p
p−2
,1ds
+ C sup
‖ϕ‖
Lp
′,1≤1
∫ t2
t1
‖w‖Lβ1,∞(s
p−3
2p ‖u(s)‖Lp,∞)
s
p−3
2p
‖∇e−(t2−s)L∗ϕ‖
L
pβ1
pβ1−p−β1
,1
ds
≤ Cδ2t−
p−3
p
1
∫ t2
t1
1
(t2 − s)
p+3
2p
ds+ C‖w‖Lβ1,∞δt
− p−32p
1
∫ t2
t1
1
(t2 − s)
β1+3
2β1
ds
≤ Cε−p−3p (t2 − t1)
p−3
2p + Cε−
p−3
2p (t2 − t1)
β1−3
2β1 .
Therefore we conclude that
‖v(t2)− v(t1)‖Lp,∞ → 0 as t2 → t1.
This implies that ( 3.23). From ( 3.22) and ( 3.23), we find that
v ∈ C([ε, T );L3,∞σ (Ω)) ∩C([ε, T );Lp,∞σ (Ω)).
Since ε and T are arbitrary, we conclude that
(3.24) v ∈ C((0,∞);L3,∞σ (Ω)) ∩C((0,∞);Lp,∞σ (Ω)).
From ( 3.21) and ( 3.24), we see that
v ∈ Xp.
Consequently, we find that if there exists a L3,∞-valued function v such that for all
ψ ∈ L3/2,1σ (Ω) and t > 0,
〈v(t), ψ〉 =M(u, a, ψ, t)
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then v ∈ Xp. This implies that we can consider M as the map M : Xδp ∋ u→ v ∈
Xp if a is fixed.
Step 3: “Contraction mapping M.”
We now prove that the mapM is a contraction mapping such thatM : Xδp → Xδp
if ‖a‖L3,∞ , ‖w‖L3,∞ , and δ are sufficiently small. Let a ∈ L3,∞σ (Ω). Now we assume
that
δ ≤min
{
1
4
,
1
2C†
, δ†, δ††
}
,(3.25)
‖a‖L3,∞ ≤min
{
δ
4C†
, δ
}
,(3.26)
‖w‖L3,∞ ≤min
{
1
4C†
, δ
}
.(3.27)
Here C† is the constant appearing in ( 3.21) and, δ† and δ†† are the constants
appearing in Lemmas 3.1 and 3.3, respectively. Remark that C† ≥ 1 in general.
We fix a. Let u ∈ Xδp . From the argument in Step 1, we see that there exists
a L3,∞σ -valued function v : (0,∞) ∋ t → v(t) ∈ L3,∞σ (Ω) such that for each ψ ∈
L
3/2,1
σ (Ω) and t > 0,
〈v(t), ψ〉 = 〈a, e−tL∗ψ〉+
∫ t
0
〈u⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t−s)L∗ψ〉ds.
We also see that v ∈ Xp from the argument in Step 2. By ( 3.25)-( 3.27), and
( 3.21), we have
(3.28) ‖v‖Xp ≤ δ.
Thus, we see that v ∈ Xδp . Therefore we conclude that the map M is a mapping
such that M : Xδp → Xδp .
Next we show that the mapM is a contraction mapping such thatM : Xδp → Xδp .
Let u1, u2 ∈ Xδp . From the previous argument, we see that there are v1, v2 ∈ Xδp
such that for each ψ ∈ L3/2,1σ (Ω) and t > 0,
〈v1(t), ψ〉
= 〈a, e−tL∗ψ〉+
∫ t
0
〈u1 ⊗ u1(s) + u1(s)⊗ w + w ⊗ u1(s),∇e−(t−s)L
∗
ψ〉ds
and
〈v2(t), ψ〉
= 〈a, e−tL∗ψ〉+
∫ t
0
〈u2 ⊗ u2(s) + u2(s)⊗ w + w ⊗ u2(s),∇e−(t−s)L
∗
ψ〉ds.
In the same manner to derive ( 3.21) with ( 3.25) and ( 3.27), we see that
‖v1 − v2‖Xp ≤ C†(‖w‖L3,∞ + 2δ)‖u1 − u2‖Xp
≤ 3
4
‖u1 − u2‖Xp .
Therefore we conclude that the map M is a contraction mapping such that M :
Xδp → Xδp .
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Step 4: “Existence of v such that 〈v(t), ψ〉 =M(v, a, ψ, t).”
Let a ∈ L3,∞σ (Ω). We assume that ( 3.25)-( 3.27). We fix a. From the argument
in Step 3, we see thatM is a contraction mapping. Applying a contraction mapping
theory, we obtain a unique function v ∈ Xδp satisfying
〈v(t), ψ〉 = 〈a, e−tL∗ψ〉 +
∫ t
0
〈v ⊗ v(s) + v(s) ⊗ w + w ⊗ v(s),∇e−(t−s)L∗ψ〉ds
for all ψ ∈ L3/2,1σ (Ω) and t > 0. From Lemma 3.1, we see that the solution v is
unique in X3. We also see that there is K0 = K0(γ, p) > 0 such that
‖v‖Xp ≤ K0‖a‖L3,∞ .
Therefore Theorem 1.10 is proved. Note that K0 := K††, where K†† is the constant
appearing in Lemma 3.3. 
]]
3.2. L3,∞-Asymptotic Stability and L3,r-Asymptotic Stability. In this sub-
section we prove Theorem 1.11. Let δ0 and K0 be the two constants appearing in
Theorem 1.10. Our first task is to prove
Lemma 3.4. Suppose that ‖w‖L3,∞ < δ0. Assume that b ∈ L3,∞σ (Ω) and that
‖b‖L3,∞ < δ0. Let u be the global-in-time generalized mild solution of the system
( 1.5) with the initial datum v0 = b satisfying ‖u‖Xp ≤ K0‖b‖L3,∞, obtained by
Theorem 1.10. Let 3p/(p+3) < α < 3. Then there is δ1 = δ1(γ, p, α) > 0 such that
if
b ∈ Lα,∞σ (Ω), ‖b‖L3,∞ < δ1, and ‖w‖L3,∞ < δ1,
then the following three assertions hold:
(i) The solution u satisfies
sup
t>0
{t 32 ( 1α− 1p )‖u(t)‖Lp,∞} ≤ Const. < +∞,(3.29)
sup
t>0
{‖u(t)‖Lα,∞} ≤ Const. < +∞,(3.30)
sup
t>0
{t 32 ( 1α− 13 )‖u(t)‖L3,∞} ≤ Const. < +∞.(3.31)
(ii) Assume in addition that b ∈ L3,∞0,σ (Ω) and that ‖∇w‖L2 < +∞. Then
(3.32) lim
t→0+0
‖u(t)− b‖L3,∞ = 0.
(iii) Assume in addition that b ∈ L3,rσ (Ω) for some 1 < r <∞ and that ‖∇w‖L2 <
+∞. Then
(3.33) lim
t→0+0
‖u(t)− b‖L3,r = 0.
Proof of Lemma 3.4. Let 3p/(p+ 3) < α < 3. Fix α. Assume that b ∈ Lα,∞σ (Ω).
We first derive ( 3.29). Fix T > 0. Since ‖u‖Xp ≤ K0‖b‖L3,∞, we check that for
0 < t < T
t
3
2 (
1
α−
1
p)‖u(t)‖Lp,∞ ≤ (t
p−3
2p ‖u(t)‖Lp,∞)t 32 ( 1α− 13 )
≤ K0‖b‖L3,∞T
3
2 (
1
α−
1
3 ) <∞.
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Let 0 < t < T . Lemma 2.9 shows
(3.34) ‖u(t)‖Lp,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
|〈b, e−tL∗ϕ〉|
+ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
|〈u(s)⊗ u(s) + u(s)⊗ w + w ⊗ u(s),∇e−(t−s)L∗ϕ〉|
=: D1(t) +D2(t).
By ( 2.3) and ( 2.17), we have
(3.35) D1(t) ≤ Ct−
3
2 (
1
α−
1
p )‖b‖Lα,∞.
Note that p′ ≤ α′ ≤ 3. Applying ( 2.3), ( 2.4), and ( 2.19), we see that
(3.36) D2(t) ≤ C
∫ t
2
0
(‖u(s)‖L3,∞ + ‖w‖L3,∞)(s
3
2 (
1
α−
1
p )‖u(s)‖Lp,∞)
(t− s)s 32 ( 1α− 1p )
ds
+ C sup
‖ϕ‖
Lp
′,1≤1
{∫ t
t
2
(‖u(s)‖L3,∞ + ‖w‖L3,∞)(s
3
2 (
1
α−
1
p )‖u(s)‖Lp,∞)
s
3
2 (
1
α−
1
p )
· ‖∇e−(t−s)L∗ϕ‖
L
3p
2p−3
,1ds
}
≤ Ct− 32 ( 1α− 1p )
∫ t
2
0
(‖u(s)‖L3,∞ + ‖w‖L3,∞)(s
3
2 (
1
α−
1
p )‖u(s)‖Lp,∞)
(t− s)1− 32 ( 1α− 1p )s 32 ( 1α− 1p )
ds
+ Ct−
3
2 (
1
α−
1
p ) sup
‖ϕ‖
Lp
′,1≤1
{∫ t
t
2
(‖u(s)‖L3,∞ + ‖w‖L3,∞)
· (s 32 ( 1α− 1p )‖u(s)‖Lp,∞)‖∇e−(t−s)L
∗
ϕ‖
L
3p
2p−3
,1ds
}
.
Using ( 3.34)-( 3.36), and ( 2.25), we find that there is C1 = C1(γ, p, α) > 0 such
that for 0 < t < T
t
3
2 (
1
α−
1
p )‖u(t)‖Lp,∞ ≤ t
3
2 (
1
α−
1
p )(D1(t) +D2(t))
≤ C‖b‖Lα,∞ + C(K0‖b‖L3,∞ + ‖w‖L3,∞)
∫ t
0
(s
3
2 (
1
α−
1
p )‖u(s)‖Lp,∞)
(t− s)1− 32 ( 1α− 1p )s 32 ( 1α− 1p )
ds
+ C(K0‖b‖L3,∞ + ‖w‖L3,∞)
· sup
‖ϕ‖
Lp
′,1≤1
∫ t
0
(s
3
2 (
1
α−
1
p )‖u(s)‖Lp,∞)‖∇e−(t−s)L
∗
ϕ‖
L
3p
2p−3
,1ds
≤ C1‖b‖Lα,∞ + C1(K0‖b‖L3,∞ + ‖w‖L3,∞) sup
0<s<t
{s 32 ( 1α− 1p )‖u(s)‖Lp,∞}.
Here we used the fact that ‖u‖Xp ≤ K0‖b‖L3,∞. Since C1 does not depend on both
t and T , we have
sup
0<t<T
{t 32 ( 1α− 1p )‖u(t)‖Lp,∞}
≤ C1‖b‖Lα,∞ + C1(K0‖b‖L3,∞ + ‖w‖L3,∞) sup
0<t<T
{t 32 ( 1α− 1p )‖u(t)‖Lp,∞}.
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Therefore we see that
sup
0<t<T
{t 32 ( 1α− 1p )‖u(t)‖Lp,∞} ≤ 2C1‖b‖Lα,∞ < +∞
if C1(K0‖b‖L3,∞ + ‖w‖L3,∞) ≤ 1/2. Since C1 does not depend on both t and T , we
conclude that
sup
t>0
{t 32 ( 1α− 1p )‖u(t)‖Lp,∞} ≤ 2C1‖b‖Lα,∞ < +∞.
Thus, we see ( 3.29). From now on we assume that C1(K0‖b‖L3,∞+‖w‖L3,∞) ≤ 1/2.
Next we prove ( 3.30). Using ( 2.11), ( 2.3), ( 2.4), ( 2.17), ( 2.19), and ( 3.29),
we see that
‖u(t)‖Lα,∞ ≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lα′,1≤1
|〈b, e−tL∗ϕ〉|
+ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lα′,1≤1
∣∣∣∣
∫ t
0
〈u⊗ u+ u⊗ w + u⊗ w,∇e−(t−s)L∗ϕ〉ds
∣∣∣∣
≤ C‖b‖Lα,∞+
sup
‖ϕ‖
Lα
′,1≤1
∫ t
0
‖u⊗ u+ u⊗ w + u⊗ w‖
L
3p
p+3
,∞‖∇e−(t−s)L
∗
ϕ‖
L
3p
2p−3
,1ds
≤ C‖b‖Lα,∞ +
∫ t
0
(‖u(s)‖L3,∞ + ‖w‖L3,∞)(s
3
2 (
1
α−
1
p )‖u(s)‖Lp,∞)
(t− s)1− 32 ( 1α− 1p )s 32 ( 1α− 1p )
ds ≤ C.
Thus, we have ( 3.30). Here 1/α + 1/α′ = 1. Note that 3p/(2p − 3) > α′ since
3p/(p+ 3) < α < 3.
Thirdly, we derive ( 3.31). Using ( 2.1), ( 3.30), and ( 3.29), we check that for
t > 0
‖u(t)‖L3,∞ ≤ C‖u(t)‖
1−p(3−α)
3(p−α)
Lα,∞ ‖u(t)‖
p(3−α)
3(p−α)
Lp,∞ ≤ Ct−
3
2 (
1
α−
1
3 ),
which is ( 3.31).
Finally, we attack (ii) and (iii). Assume that ‖∇w‖L2 < +∞. Set
δ1 := min
{
δ†
2
,
1
4C1K0
,
1
4C1
}
.
We assume that ‖b‖L3,∞ < δ1 and that ‖w‖L3,∞ < δ1. Here δ† is the constant
appearing in Lemma 3.1.
We shall derive ( 3.32). Assume that b ∈ L3,∞0,σ (Ω). Fix ε > 0. By the definition
of L3,∞0,σ (Ω), there is b0 ∈ C∞0,σ(Ω) such that
‖b− b0‖L3,∞ < ε and ‖b0‖L3,∞ < min{δ0, δ1}.
From Lemma 3.4, we see that the system ( 1.5) admits a unique global-in-time gen-
eralized mild solution u∗ satisfying ( 3.29)-( 3.31). We may assume that ‖b0‖L3,∞ <
δ†/2. From [24, Theorem 2.8], we see that there is a local-in-time strong L
2-solution
U of the system ( 1.5) with the initial datum v0 = b0, satisfying
U ∈ C([0, T∗);H10,σ(Ω)) ∩ C((0, T∗);W 2,2(Ω)) ∩ C1((0, T∗);L2σ(Ω))
for some T∗ > 0. Here H
1
0,σ(Ω) = C
∞
0,σ(Ω)
‖·‖W1,2 . Note that T∗ depends only on
(γ,Ω, w, ‖b0‖W 1,2). See also [23, Chapter 7]. Since H10,σ(Ω) ⊂ L3,∞0,σ (Ω), we see that
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there is T∗∗ > 0 such that
(3.37) sup
0≤t≤T∗∗
{‖U(t)‖L3,∞} ≤ δ†.
Since e−tL is an analytic semigroup on L2σ(Ω), we easily check that for 0 < t < T∗∗
U(t) = e−tLb0 −
∫ t
0
e−(t−s)LP{(U,∇)U + (U,∇)w + (w,∇)U}ds
and that for each ϕ ∈ C∞0,σ(Ω) and 0 < t < T∗∗
〈U(t), ϕ〉 = 〈b0, e−tL
∗
ϕ〉+
∫ t
0
〈U ⊗ U(s) + U(s)⊗ w + w ⊗ U(s),∇e−(t−s)L∗ϕ〉ds.
From ( 3.37) and Lemma 3.1, we find that u∗ = U on (0, T∗∗). Applying ( 3.2), we
observe that
‖u(t)− b‖L3,∞ ≤ ‖u(t)− u∗(t)‖L3,∞ + ‖u∗(t)− b0‖L3,∞ + ‖b− b0‖L3,∞
≤ (K† + 1)‖b− b0‖L3,∞ + ‖U(t)− b0‖L3,∞ ≤ Cε as t→ 0 + 0.
Since ε is arbitrary, we see ( 3.32). Similarly, we deduce (iii). 
Finally we derive the stability and continuity of the generalized mild solutions.
Proof of Theorem 1.11. Combining Theorem 1.10 and Lemma 3.4, we see the as-
sertion (i) of Theorem 1.11. Now we prove the assertions (ii) and (iii) of Theorem
1.11. Let 3p/(p+3) < α < 3, and let δ0, δ1 be the constants appearing in Theorem
1.10 and Lemma 3.4, respectively. Assume that
a ∈ L3,∞σ (Ω), ‖a‖L3,∞ < min{δ0, δ1}, and ‖w‖L3,∞ < min{δ0, δ1}.
Let v be the global-in-time generalized mild solution of the system ( 1.5) with the
initial datum v0 = a, obtained by Theorem 1.10. Assume that ‖∇w‖L2 <∞.
We attack (ii). We assume that a ∈ L3,∞0,σ (Ω). We shall prove that
lim
t→0+0
‖v(t)− a‖L3,∞ = 0,(3.38)
lim
t→∞
‖v(t)‖L3,∞ = 0.(3.39)
Fix ε > 0. By the definition of L3,∞0,σ (Ω), there is b ∈ C∞0,σ(Ω) such that
‖a− b‖L3,∞ < ε and ‖b‖L3,∞ < min{δ0, δ1}.
From Lemma 3.4, we see that the system ( 1.5) admits a unique global-in-time
generalized mild solution u satisfying ( 3.29)-( 3.31). Applying ( 3.2) and ( 3.32),
we see that for t > 0
‖v(t)− a‖L3,∞ ≤ ‖v(t)− u(t)‖L3,∞ + ‖u(t)− b‖L3,∞ + ‖b− a‖L3,∞
≤ C‖a− b‖L3,∞ + ‖u(t)− b‖L3,∞ ≤ Cε as t→ 0 + 0.
Since ε is arbitrary, we see ( 3.38). Similarly, we use ( 3.2) and ( 3.31) to observe
that
‖v(t)‖L3,∞ ≤ ‖v(t)− u(t)‖L3,∞ + ‖u(t)‖L3,∞
≤ C‖a− b‖L3,∞ + ‖u(t)‖L3,∞ ≤ Cε as t→∞.
Note that b ∈ C∞0,σ(Ω) ⊂ Lα,∞σ (Ω). Since ε is arbitrary, we see ( 3.39). Therefore
we finish prove the assertion (ii).
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The proof of the assertion (iii) of Theorem 1.11 is left to the reader, since we
can prove (iii) by the same argument to show (ii) with the assertions (i) and (ii) of
Lemma 3.3. Therefore Theorem 1.11 is proved. 
4. Global-in-Time Mild Solution
In this section we show the existence of a unique global-in-time mild solution
of the system ( 1.5) when v0 ∈ L3,∞0,σ (Ω) and both ‖v0‖L3,∞ and ‖w‖L3,∞ are suffi-
ciently small.
Throughout this section we assume that w is as in Assumption 1.2 and that
|u∞| ≤ γ for some γ > 0. Let 6 < p < ∞ such that 3β/(2β − 3) < p. Fix p.
Let p′ be the positive number such that 1/p + 1/p′ = 1. The symbols L and L∗
represent the two linear operators defined by Subsection 2.3. The aim of this section
is to prove Theorem 1.12. In order to prove Theorem 1.12, we first constructs a
unique local-in-time mild solution of the system ( 1.5). Secondly, we prove that
the system ( 1.5) admits a unique global-in-time mild solution of the system ( 1.5)
when ‖v0‖L3,∞ and ‖w‖L3,∞ are sufficiently small. Moreover, we derive L∞-decay
rate with respect to time of the solution.
4.1. Local-in-Time Mild L3,∞-Solutions. Let us construct a unique local-in-
time mild solution of the system ( 1.5). For T ∈ (0,∞], we define the Banach space
ZT as follows:
ZT := {f ∈ BC((0, T );L3,∞σ (Ω)) ∩ C((0, T );Lp,∞σ (Ω)); ‖f‖ZT < +∞},
‖f‖ZT :=
sup
0<t<T
{‖f(t)‖L3,∞}+ sup
0<t<T
{t p−32p ‖f(t)‖Lp,∞}+ sup
0<t<T
{t 12 ‖∇f(t)‖L3,∞}.
We now attack the following proposition.
Proposition 4.1. There are δ∗ = δ∗(γ, p) > 0 and K∗ = K∗(γ, p) > 0 such that if
a ∈ L3,∞0,σ (Ω), ‖a‖L3,∞ < δ∗, and ‖w‖L3,∞ < δ∗,
then the system ( 1.5) with the initial datum v0 = a admits a unique local-in-time
mild solution v in ZT∗ for some T∗ > 0. Moreover,
‖v‖ZT∗ ≤ K∗‖a‖L3,∞ ,(4.1)
v ∈ BC([0, T∗);L3,∞0,σ (Ω)).(4.2)
Moreover, assume in addition that w satisfies Assumption 1.3. Then for each fixed
0 < t < T∗,
(4.3) ∇v(t) ∈ L3,∞0 (Ω).
Here T∗ depends only on γ, β, p, ‖w‖
L
3β
3−β
,∞
, and ‖∇w‖Lβ,∞ .
Proof of Proposition 4.1. Let T > 0. For m ∈ N and t ∈ (0, T ),
v1(t) := e
−tLa,
vm+1(t) := e
−tLa−
∫ t
0
e−(t−s)LP{(vm,∇)vm + (vm,∇)w + (w,∇)vm}ds.
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We now solve the above integral forms in ZT to construct a local-in-time mild
solution of the system ( 1.5). We first consider ‖v1‖ZT . By ( 2.16) and ( 2.20), we
see that
‖e−tLa‖L3,∞ ≤C‖a‖L3,∞ ,
‖e−tLa‖Lp,∞ ≤Ct−
p−3
2p ‖a‖L3,∞ ,
‖∇e−tLa‖L3,∞ ≤Ct−
1
2 ‖a‖L3,∞.
Therefore we obtain
(4.4) ‖v1‖ZT ≤ C(γ, p)‖a‖L3,∞ .
Next we consider ‖vm+1‖ZT . Using ( 2.11), ( 2.3), ( 2.4), and ( 2.25), we check∥∥∥∥
∫ t
0
e−(t−s)LP (vm,∇)vm(s)ds
∥∥∥∥
L3,∞
≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t
0
〈vm(s)⊗ vm(s),−∇e−(t−s)L
∗
ϕ〉ds
∣∣∣∣
≤ C sup
‖ϕ‖
L
3
2
,1
≤1
∫ t
0
‖vm(s)‖2L3,∞‖∇e−(t−s)L
∗
ϕ‖L3,1ds ≤ C‖vm‖2ZT .
Similarly, we have∥∥∥∥
∫ t
0
e−(t−s)LP{(vm(s),∇)w + (w,∇)vm(s)}ds
∥∥∥∥
L3,∞
≤ C‖w‖L3,∞‖vm‖ZT .
Applying ( 2.11), ( 2.3), ( 2.4), ( 2.19), and ( 2.25), we see that∥∥∥∥
∫ t
0
e−(t−s)LP (vm(s),∇)vm(s)ds
∥∥∥∥
Lp,∞
≤ C sup
ϕ∈C∞0,σ, ‖ϕ‖Lp′,1≤1
∣∣∣∣
∫ t
0
〈vm(s)⊗ vm(s),−∇e−(t−s)L
∗
ϕ〉ds
∣∣∣∣
≤ C
∫ t
2
0
‖vm(s)‖L3,∞(s
p−3
2p ‖vm(s)‖Lp,∞)
s
p−3
2p (t− s)
ds
+ C sup
‖ϕ‖
Lp
′,1≤1
∫ t
t
2
‖vm(s)‖L3,∞(s
p−3
2p ‖vm(s)‖Lp,∞)
s
p−3
2p
‖∇e−(t−s)L∗ϕ‖
L
3p
2p−3
,1ds
≤ Ct− p−32p ‖vm‖2ZT .
Similarly, we obtain∥∥∥∥
∫ t
0
e−(t−s)LP{(vm,∇)w + (w,∇)vm}ds
∥∥∥∥
Lp,∞
≤ Ct− p−32p ‖w‖L3,∞‖vm‖ZT .
Therefore we find that
(4.5) sup
0<t<T
{‖vm+1(t)‖L3,∞}+ sup
0<t<T
{t p−32p ‖vm+1(t)‖Lp,∞}
≤ C(γ, p)(‖v1‖ZT + ‖w‖L3,∞‖vm‖ZT + ‖vm‖2ZT ).
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Now we consider ‖∇vm+1(t)‖L3,∞ . By Lemma 2.5, ( 2.3), ( 2.4), and ( 2.39), we
check that for each j = 1, 2, 3,∥∥∥∥∂j
∫ t
0
e−(t−s)LP (vm,∇)vm(s)ds
∥∥∥∥
L3,∞
≤ C sup
φ∈[C∞0 ]
3, ‖φ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t
0
〈(vm(s),∇)vm(s), e−(t−s)L
∗
P (−∂jφ)〉ds
∣∣∣∣
≤ C sup
‖φ‖
L
3
2
,1
≤1
∫ t
0
(s
p−3
2p ‖vm(s)‖Lp,∞)(s 12 ‖∇vm(s)‖L3,∞)
s
2p−3
2p
· ‖e−(t−s)L∗P∂jφ‖
L
3p
2p−3
,1ds
≤ C‖vm‖2ZT
∫ t
0
1
s
2p−3
2p (t− s) p+32p
ds ≤ Ct− 12 ‖vm‖2ZT .
Similarly, we observe that for each j = 1, 2, 3,∥∥∥∥∂j
∫ t
0
e−(t−s)LP (vm,∇)wds
∥∥∥∥
L3,∞
≤ C
∫ t
0
(s
p−3
2p ‖vm(s)‖Lp,∞)‖∇w‖Lβ,∞
s
p−3
2p (t− s) 32β+ 32p
ds
≤ Ct− 3−β2β ‖vm‖ZT ‖∇w‖Lβ,∞ .
Note that 3/(2β)+3/(2p) < 1 since (3β)/(2β− 3) < p. We also check that for each
j = 1, 2, 3,∥∥∥∥∂j
∫ t
0
e−(t−s)LP (w,∇)vmds
∥∥∥∥
L3,∞
≤ C sup
φ∈[C∞0 ]
3, ‖φ‖
L
3
2
,1
≤1
{
∫ t
0
(s
1
2 ‖∇vm(s)‖L3,∞)‖w‖
L
3β
3−β
,∞
s
1
2
‖e−(t−s)L∗P∂jφ‖
L
β
β−1
,1
ds
}
≤ C‖w‖
L
3β
3−β
,∞
‖vm‖ZT
∫ t
0
1
s
1
2 (t− s) 32β
ds
≤ Ct− 3−β2β ‖w‖
L
3β
3−β
,∞
‖vm‖ZT .
Note that 3/2 < β/(β − 1) < 3. As a result, we have
(4.6) sup
0<t<T
{t 12 ‖∇vm(t)‖L3,∞}
≤ C(γ, p)(‖a‖L3,∞ + ‖vm‖2ZT + ‖w‖L3,∞‖vm‖ZT )
+ C(γ, β, p)T
2β−3
2β (‖w‖
L
3β
3−β
,∞
+ ‖∇w‖Lβ,∞)‖vm‖ZT .
From ( 4.4)-( 4.6), we conclude that there are C∗ = C∗(γ, p) > 0 and C∗∗ =
C∗∗(γ, β, p) > 0 such that
‖v1‖ZT ≤ C∗‖a‖L3,∞ ,
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‖vm+1‖ZT ≤ C∗(‖a‖L3,∞ + ‖vm‖2ZT + ‖w‖L3,∞‖vm‖ZT )
+ C∗∗T
2β−3
2β (‖w‖
L
3β
3−β
,∞
+ ‖∇w‖Lβ,∞)‖vm‖ZT .
By the previous arguments, we find that
‖vm+2 − vm+1‖ZT ≤ {C∗‖vm‖ZT + C∗‖vm+1‖ZT + C∗‖w‖L3,∞
+ C∗∗T
2β−3
2β (‖w‖
L
3β
3−β
,∞
+ ‖∇w‖Lβ,∞)}‖vm+1 − vm‖ZT .
From now on we assume that
‖a‖L3,∞ ≤
1
16C2∗
,
‖w‖L3,∞ ≤
1
8C∗
,
and we choose T∗ > 0 such that
T
2β−3
2β
∗ ≤ 1
8C∗∗(‖w‖
L
3β
3−β
,∞
+ ‖∇w‖Lβ,∞)
.
By induction, we check that for each m ∈ N
‖vm‖ZT∗ ≤ 2C∗‖a‖L3,∞ ,
‖vm+2 − vm+1‖ZT∗ ≤
1
2
‖vm+1 − vm‖ZT∗ .
Since ZT∗ is a Banach space, we apply a fixed point argument to obtain a unique
function v ∈ ZT∗ satisfying
‖v‖ZT∗ ≤ 2C∗‖a‖L3,∞,(4.7)
‖vm − v‖ZT∗ → 0 as m→∞.(4.8)
Since
vm+1(t) = e
−tLa−
∫ t
0
e−(t−s)LP{(vm,∇)vm + (vm,∇)w + (w,∇)vm}ds,
we apply ( 4.7) and ( 4.8) to check that v satisfies for 0 < t < T∗
v(t) = e−tLa−
∫ t
0
e−(t−s)LP{(v(s),∇)v(s) + (v(s),∇)w + (w,∇)v(s)}ds.
It is easy to check that for all ϕ ∈ C∞0,σ(Ω) and 0 < t < T∗
〈v(t), ϕ〉 = 〈a, e−tL∗ϕ〉+
∫ t
0
〈v(s) ⊗ v(s) + v(s)⊗ w + w ⊗ v(s),∇e−(t−s)L∗ϕ〉ds.
From Lemma 3.1, we find that v is a unique if ‖a‖L3,∞ ≤ δ†/(2C∗). Here δ† is the
constant appearing in Lemma 3.1.
Next, we show that v ∈ BC([0, T∗);L3,∞0,σ (Ω)). Since e−tLa ∈ L3,∞0,σ for t ≥ 0, we
only have to show that for fixed 0 < t < T∗∫ t
0
e−(t−s)LP{(v(s),∇)v(s) + (v(s),∇)w + (w,∇)v(s)}ds ∈ L3,∞0,σ (Ω).
To this end, we show that∥∥∥∥
∫ t
0
e−(t−s)LP{(v(s),∇)v(s) + (v(s),∇)w + (w,∇)v(s)}ds
∥∥∥∥
Lα1,∞
< +∞
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for some 3p/(p+ 3) < α1 < 3. Let 3p/(p+ 3) < α1 < 3, and fix α1. Using ( 2.11),
( 2.3), ( 2.4), and ( 2.19), we see that
∥∥∥∥
∫ t
0
e−(t−s)LP{(v(s),∇)v(s) + (v(s),∇)w + (w,∇)v(s)}ds
∥∥∥∥
Lα1,∞
= sup
ϕ∈C∞0,σ, ‖ϕ‖
L
α′1,1
≤1
∣∣∣∣
∫ t
0
〈v ⊗ v + v ⊗ w + v ⊗ w,−∇e−(t−s)L∗ϕ〉ds
∣∣∣∣
≤ sup
‖ϕ‖
L
α′
1
,1≤1
∫ t
0
‖v ⊗ v + v ⊗ w + v ⊗ w‖
L
3p
p+3
,∞‖∇e−(t−s)L
∗
ϕ‖
L
3p
2p−3
,1ds
≤
∫ t
0
(‖v(s)‖L3,∞ + ‖w‖L3,∞)(s
p−3
2p ‖v(s)‖Lp,∞)
s
p−3
2p (t− s)1− 32 ( 1α1− 1p )
ds
≤ Ct
3−α1
2α1 (‖a‖L3,∞ + ‖w‖L3,∞)‖v‖ZT ≤ CT
3−α1
2α1
∗ < +∞.
Note that α′1 < 3p/(2p− 3) ≤ 3 since 3p/(p+ 3) < α1. Since for fixed 0 < t < T∗∫ t
0
e−(t−s)LP{(v,∇)v + (v,∇)w + (w,∇)v}ds ∈ Lp,∞σ (Ω) ∩ Lα1,∞σ (Ω),
it follows from Lemma 2.1 that for fixed 0 < t < T∗∫ t
0
e−(t−s)LP{(v,∇)v + (v,∇)w + (w,∇)v}ds ∈ L3,∞0,σ (Ω).
Therefore we conclude that v ∈ BC([0, T∗);L3,∞0,σ (Ω)).
Finally, we deduce ( 4.3). Assume that w satisfies Assumption 1.3. Since a ∈
L3,∞0,σ (Ω), it follows from Lemma 2.12 to see that ∇v1(t) ∈ L3,∞0 (Ω) for each t > 0.
From v1(t) ∈ L3,∞0 (Ω)∩Lp,∞(Ω), ∇v1(t) ∈ L3,∞0 (Ω), and Assumption 1.3, we easily
check that {(v1,∇)v1 + (v1,∇)w + (w,∇)v1}(t) ∈ L3,∞0 (Ω) for each 0 < t < T∗.
Therefore we see that ∇v2(t) ∈ L3,∞0 (Ω). By induction, we see that for m ∈ N and
0 < t < T∗, ∇vm(t) ∈ L3,∞0 (Ω). This implies that for 0 < t < T∗, ∇v(t) ∈ L3,∞0 (Ω).
Therefore Proposition 4.1 is proved. 
4.2. Global-in-Time Mild Solution and L∞-Asymptotic Stability. We now
construct a unique global-in-time mild solution of the system ( 1.5), satisfying L∞-
asymptotic stability. Let 3p/(p+3) < α < 3. Let δ0, K0 be the constants appearing
in Theorem 1.10, let δ1 be the constant appearing in Theorem 1.11, let δ† be the
constant appearing in Lemma 3.1, let δ†† be the constant appearing in Lemma 3.3,
and let δ∗, K∗ be the constants appearing in Proposition 4.1.
Proof of Theorem 1.12. Assume that a ∈ L3,∞0,σ (Ω),
‖a‖L3,∞ ≤ min
{
δ0, δ1, δ∗, δ†/K0, δ†/K∗,min{δ0, δ1, δ†, δ∗}/(K∗)2
}
,
‖w‖L3,∞ ≤ min{δ0, δ1, δ∗, δ†/K0, δ†/K∗}.
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Let v♯ be the global-in-time generalized mild solution of the system ( 1.5) with the
initial datum v0 = a, obtained by Theorem 1.10, satisfying
sup
0<t<∞
{‖v♯(t)‖L3,∞} ≤ K0‖a‖L3,∞ ≤ δ†,
sup
0<t<∞
{t p−32p ‖v♯(t)‖L3,∞} ≤ K0‖a‖L3,∞ ≤ δ†.
From Proposition 4.1, we see that there exists a unique local-in-time mild solution
in ZT∗ of the system ( 1.5) with the initial datum v0 = a for some T∗ > 0, satisfying
v ∈ BC([0, T∗);L3,∞0,σ (Ω)),
sup
0≤t<T∗
{‖v(t)‖L3,∞} ≤ K∗‖a‖L3,∞ ≤ δ†.
From Theorem 1.10 and Lemma 3.1, we find that v♯(t) = v(t) on [0, T∗).
Now we let τ ∈ (0, T∗). Since ‖v♯(τ)‖L3,∞ ≤ min{δ0, δ∗}, we apply Proposition
4.1 to see that there exists a unique local-in-time mild solution of the system ( 1.5)
with the initial datum v♯(τ) for some T∗∗ > 0, satisfying
v ∈ BC([τ, τ + T∗∗);L3,∞0,σ (Ω)),
sup
τ≤t<τ+T∗∗
{‖v(t)‖L3,∞} ≤ K∗‖v♯(τ)‖L3,∞
≤ (K∗)2‖a‖L3,∞ ≤ min{δ0, δ1, δ†, δ∗}.
Note that T∗∗ depends only on (γ, β, p, ‖w‖
L
3β
3−β
,∞
, ‖∇w‖Lβ,∞ ,K0, δ0), that is, T∗∗
does not depend on τ . From Lemma 3.1, we see that v♯(t) = v(t) on (τ, τ + T∗∗).
Thus, we repeat the above argument to construct a unique global-in-time mild
solution of the system ( 1.5) with the initial datum v0 = a.
Next we show that for each fixed T > 0
sup
0<t<T
{t 12 ‖∇v(t)‖L3,∞} ≤ C(T ) < +∞,(4.9)
sup
0<t<T
{t 12 ‖v(t)‖L∞} ≤ C(T ) <∞.(4.10)
Now we derive ( 4.9). Fix T > 0. By an argument similar to that in the proof of
Proposition 4.1, we see that there is C > 0 independent of both t and T such that
for 0 < t < T
t
1
2 ‖∇v(t)‖L3,∞ ≤ C‖a‖L3,∞ + CT
2β−3
2β K0‖a‖L3,∞‖∇w‖Lβ,∞
+
∫ t
0
Ct
1
2 · (s
2p−3
2p ‖v(s)‖Lp,∞)(s 12 ‖∇v(s)‖L3,∞)
s
2p−3
2p (t− s) p+32p
ds
+
∫ t
0
Ct
1
2 ·
‖w‖
L
3β
3−β
,∞
(s
1
2 ‖∇v(s)‖L3,∞)
s
1
2 (t− s) 32β
ds.
Applying the Gronwall inequality, we check that
sup
0<t<T
{t 12 ‖∇v(t)‖L3,∞} ≤ C(T ) < +∞.
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Here we used the facts that
∫ t
0
t
1
2
s
2p−3
2p (t− s) p+32p
ds ≤ C,
∫ t
0
t
1
2
s
1
2 (t− s) 32β
ds ≤ CT 2β−32β .
Next we derive ( 4.10). Let t ∈ (0, T ]. We see at once that
‖v(t)‖L∞ ≤ ‖e−tLa‖L∞ +
∥∥∥∥
∫ t
0
e−(t−s)LP (v,∇)v(s)ds
∥∥∥∥
L∞
+
∥∥∥∥
∫ t
0
e−(t−s)LP (v(s),∇)wds
∥∥∥∥
L∞
+
∥∥∥∥
∫ t
0
e−(t−s)LP (w,∇)v(s)ds
∥∥∥∥
L∞
.
From ( 2.36), we have
‖e−tLa‖L∞ ≤ Ct− 12 ‖a‖L3,∞.
Applying ( 2.6), ( 2.3), ( 2.4), and ( 2.35), we observe that
∥∥∥∥
∫ t
0
e−(t−s)LP (v,∇)v(s)ds
∥∥∥∥
L∞
≤ C sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t
0
〈(v(s),∇)v(s), e−(t−s)L∗Pφ〉ds
∣∣∣∣
≤ C
∫ t
0
(s
p−3
2p ‖v(s)‖Lp,∞)(s 12 ‖∇v(s)‖L3,∞)
(t− s) p+32p s 2p−32p
ds ≤ C(T )t− 12 .
In the same manner, we check that
∥∥∥∥
∫ t
0
e−(t−s)LP (v,∇)wds
∥∥∥∥
L∞
+
∥∥∥∥
∫ t
0
e−(t−s)LP (w,∇)vds
∥∥∥∥
L∞
≤ C(T )t− 3−β2β .
Therefore we see that
(4.11) sup
0<t<T
{t 12 ‖v(t)‖L∞} ≤ C(T ) < +∞.
Now we derive ( 1.12). Using ( 2.6), we have
(4.12) ‖v(t)‖L∞ ≤ ‖e−tLa‖L∞
+ C sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t
0
〈e− (t−s)2 LP (v,∇)v, e− (t−s)2 L∗Pφ〉ds
∣∣∣∣
+ C sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t
0
〈e− (t−s)2 LP{(v,∇)w + (w,∇)v}, e− (t−s)2 L∗Pφ〉ds
∣∣∣∣.
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By ( 2.3), ( 2.4), ( 2.37), and ( 2.39), we check that
(4.13) sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t
0
〈e− (t−s)2 LP (v,∇)v, e− (t−s)2 L∗Pφ〉ds
∣∣∣∣
≤ C sup
‖φ‖L1≤1
∫ t
0
‖e− (t−s)2 LP (v,∇)v‖Lℓ,∞‖e−
(t−s)
2 L
∗
Pφ‖Lℓ′,1ds
≤ C
∫ t
0
‖v ⊗ v‖
L
p
2
,∞
(t− s) 12+ 32 ( 2p− 1ℓ )+ 32 (1− 1ℓ′ )
ds
≤ C
∫ t
0
(s
p−3
2p ‖v(s)‖Lp,∞)2
s
p−3
p (t− s) p+62p
ds ≤ Ct− 12 .
Note that (p+ 6)/2p < 1 since 6 < p.
Fix ℓ > 3βp/(3p + 3β − βp). Note that 3βp/(3p + 3β − βp) > 3/2. From ( 2.3),
( 2.37), and ( 2.39), we see that
(4.14) sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t
0
〈e− (t−s)2 LP{(v,∇)w + (w,∇)v}, e− (t−s)2 L∗Pφ〉ds
∣∣∣∣
≤ C sup
‖φ‖L1≤1
∫ t
0
‖e− (t−s)2 LP{(v,∇)w + (w,∇)v}‖Lℓ,∞‖e−
(t−s)
2 L
∗
Pφ‖Lℓ′,1ds
≤ C
∫ t
0
‖v ⊗ w + w ⊗ v‖
L
3pβ
3p+3β−βp
,∞
(t− s) 12+ 32 ( 3p+3β−βp3βp − 1ℓ )+ 32 (1− 1ℓ′ )
ds
≤ C
∫ t
0
(s
p−3
2p ‖v(s)‖Lp,∞)‖w‖
L
3β
3−β
,∞
s
p−3
2p (t− s) 32 ( 1p+ 1β )
ds ≤ Ct− 3−β2β .
Combining ( 4.12)-( 4.14), we see that
(4.15) ‖v(t)‖L∞ ≤ Ct− 12 + Ct−
3−β
2β .
Therefore we obtain ( 1.12).
Finally, we prove the assertions (i)-(ii) of Theorem 1.12. From Proposition 4.1,
we deduce (ii). Now we attack (i). Assume that a ∈ Lα,∞σ (Ω) for some 3p/(p +
3) < α < 3. Let δ1 be the constant appearing in Theorem 1.11. Assume that
‖a‖L3,∞ < δ1 and that ‖w‖L3,∞ < δ1. From Theorem 1.11, we see that
sup
t>0
{t 32 ( 1α− 1p )‖v(t)‖Lp,∞} ≤ Const. < +∞.
Using the same argument to derive ( 4.15) with ‖e−tLa‖L∞ ≤ Ct− 32α ‖a‖Lα,∞, we
have ( 1.13). Therefore Theorem 1.12 is proved. 
5. Global-in-Time Strong Solution
In this section we show the existence of a unique global-in-time strong solu-
tion of the system ( 1.5) when v0 ∈ L3,∞0,σ (Ω) and both ‖v0‖L3,∞ and ‖w‖L3,∞ are
sufficiently small.
Throughout this section we assume that w is as in Assumption 1.3 and that
|u∞| ≤ γ for some γ > 0. Let 3β/(2β − 3) < p < ∞ and 1 < p′ < 3/2 such that
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1/p + 1/p′ = 1. Fix p and p′. The symbols L and L∗ represent the two linear
operators defined by Subsection 2.3. Let us prove Theorem 1.13.
Proof of Theorem 1.13. Let δ2 be the constant appearing in Theorem 1.12. Assume
that a ∈ L3,∞0,σ (Ω), ‖w‖L3,∞ < δ2, and ‖a‖L3,∞ < δ2. Let v be the global-in-time
mild solution of the system ( 1.5) with the initial datum v0 = a, obtained by
Theorem 1.12. Now we show that v is a strong solution of ( 1.5). From the
assertion (ii) of Theorem 1.12, we see that ∇v(t) ∈ L3,∞0 (Ω) for each fixed t > 0.
Since w satisfies Assumption 1.3 and v(t) ∈ L3,∞0,σ (Ω) ∩ Lp,∞σ (Ω), if follows from
Lemma 2.8 that for each fixed t > 0
P{(v,∇)v + (v,∇)w + (w,∇)v}(t) ∈ L3,∞0,σ (Ω).
Note that fg ∈ L3,∞0 (Ω) if f ∈ L3,∞0 (Ω) and g ∈ L∞(Ω). Since e−tL is an analytic
C0-semigroup on L
3,∞
0,σ (Ω), we shall prove that P{(v,∇)v + (v,∇)w + (w,∇)v} is
locally Ho¨lder continuous with respect to time in the L3,∞-norm. Let ε, T > 0 such
that ε < T . Fix ε and T . We shall show that there is 0 < h0 < 1 such that
P{(v,∇)v + (v,∇)w + (w,∇)v} ∈ Ch0([ε, T ];L3,∞0,σ (Ω)).
From ( 1.11) and ( 1.12), we see that
sup
0<t≤T
{t 12 ‖∇v(t)‖L3,∞}+ sup
0<t≤T
{t 12 ‖v(t)‖L∞} ≤ C(T ) < +∞,
sup
ε≤t≤T
{‖∇v(t)‖L3,∞}+ sup
ε≤t≤T
{‖v(t)‖L∞} ≤ C(ε, T ) < +∞
Let t1, t2 > 0 such that ε ≤ t1 ≤ t2 ≤ T . It is easy to check that
‖P{(v(t2),∇)v(t2) + (v(t2),∇)w + (w,∇)v(t2)}
− P{(v(t1),∇)v(t1) + (v(t1),∇)w + (w,∇)v(t1)}‖L3,∞
≤ C‖v(t2)− v(t1)‖L∞‖∇v(t2)‖L3,∞ + C‖v(t1)‖L∞‖∇(v(t2)− v(t1))‖L3,∞
+ C‖v(t2)− v(t1)‖L∞‖∇w‖L3,∞ + C‖w‖L∞‖∇(v(t2)− v(t1))‖L3,∞
≤ C(ε, T ){‖v(t2)− v(t1)‖L∞ + ‖∇(v(t2)− v(t1))‖L3,∞}.
Therefore we only have to show that there are Ch = Ch(ε, T ) > 0 and 0 < h1 < 0
such that
‖v(t2)− v(t1)‖L∞ ≤ Ch(t2 − t1)h1 ,(5.1)
‖∇(v(t2)− v(t1))‖L3,∞ ≤ Ch(t2 − t1)h1 .(5.2)
We first attack ( 5.1). Since
(5.3) v(t2)− v(t1) = (e−(t2−t1)L − 1)e−t1La
+
∫ t1
0
(e−(t2−t1)L − 1)e(t1−s)LP{(v,∇)v + (v,∇)w + (w,∇)v}(s)ds
+
∫ t2
t1
e−(t2−t1)LP{(v,∇)v + (v,∇)w + (w,∇)v}(s)ds,
we use ( 2.6) and a duality argument to see that
‖v(t2)− v(t1)‖L∞ ≤ C{H1 +H2 +H3 +H4 +H5}(t2, t1).
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Here
H1(t2, t1) := sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
|〈e− t12 La, (e−(t2−t1)L∗ − 1)e− t12 L∗Pφ〉|,
H2(t2, t1) := sup
‖φ‖L1≤1
∣∣∣∣
∫ t1
0
〈(v,∇)v, (e−(t2−t1)L∗ − 1)e−(t1−s)L∗Pφ〉ds
∣∣∣∣ ,
H3 := sup
‖φ‖L1≤1
∣∣∣∣
∫ t1
0
〈(v,∇)w + (w,∇)v, (e−(t2−t1)L∗ − 1)e−(t1−s)L∗Pφ〉ds
∣∣∣∣ ,
H4(t2, t1) := sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t2
t1
〈(v,∇)v, e−(t2−s)L∗Pφ〉ds
∣∣∣∣ ,
H5(t2, t1) := sup
φ∈[C∞0 ]
3, ‖φ‖L1≤1
∣∣∣∣
∫ t2
t1
〈(v,∇)w + (w,∇)v, e−(t2−s)L∗Pφ〉ds
∣∣∣∣ .
Using ( 2.3), ( 2.4), ( 2.16), and ( 2.59), we see that
H1(t2, t1) ≤ C‖e−
t1
2 La‖L3,∞ sup
‖φ‖L1≤1
‖(e−(t2−t1)L∗ − 1)e− t12 L∗Pφ‖
L
3
2
,1
≤ C‖a‖L3,∞(t2 − t1)
1
4 e
t1
2 +(t2−t1)t
− 34
1
≤ C(ε, T )(t2 − t1) 14 .
Applying ( 2.3), ( 2.4), ( 2.16), and ( 2.59), we observe that
H2(t2, t1) ≤ C sup
‖φ‖L1≤1
{∫ t1
0
(s
p−3
2p ‖v(s)‖Lp,∞)(s 12 ‖∇v(s)‖L3,∞)
s
2p−3
2p
· ‖(e−(t2−t1)L∗ − 1)e−(t1−s)L∗Pφ‖
L
3p
2p−3
,1ds
}
≤ C(T )
∫ t1
0
1
s
2p−3
2p
(t2 − t1)
1
2p e
t1−s
2 +(t2−t1)(t2 − t1)−
2p+4
2p ds
≤ C(ε, T )(t2 − t1)
1
2p .
Similarly, we check that
H3(t2, t1) ≤
C sup
‖φ‖L1≤1
{∫ t1
0
(s
1
2 ‖v(s)‖L∞)‖∇w‖L3,∞ + ‖w‖L∞(s 12 ‖∇v(s)‖L3,∞)
s
1
2
· ‖(e−(t2−t1)L∗ − 1)e−(t1−s)L∗Pφ‖
L
3
2
,1ds
}
≤ C(T )
∫ t1
0
1
s
1
2
(t2 − t1) 14 e
t1−s
2 +(t2−t1)(t1 − s)− 14− 12 ds
≤ C(ε, T )(t2 − t1) 14 .
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Applying ( 2.3), ( 2.4), and ( 2.35). we observe that
H4(t2, t1) ≤ C sup
‖φ‖L1≤1
{
∫ t2
t1
(s
p−3
2p ‖v(s)‖Lp,∞)(s 12 ‖∇v(s)‖L3,∞)
s
2p−3
2p
‖e−(t2−s)L∗Pφ‖
L
3p
2p−3
,1ds
}
≤ C(T )t−
2p−3
2p
1
∫ t2
t1
1
(t2 − s)
p+3
2p
ds ≤ C(ε, T )(t2 − t1)
p−3
2p
and that
H5 ≤ C sup
‖φ‖L1≤1
{∫ t2
t1
(s
1
2 ‖v(s)‖L∞)‖∇w‖L3,∞ + ‖w‖L∞(s 12 ‖∇v(s)‖L3,∞)
s
1
2
· ‖e−(t2−s)L∗Pφ‖
L
3
2
,1ds
}
≤ C(T )t−
1
2
1
∫ t2
t1
1
(t2 − s) 12
ds ≤ C(ε, T )(t2 − t1) 12 .
Therefore we see ( 5.1).
Next we derive ( 5.2). Fix j = 1, 2, 3. Using ( 5.3) and Lemma 2.5, we have
‖∂jv(t2)− ∂jv(t1)‖L3,∞ ≤ C{H6 +H7 +H8 +H9 +H10}(t2, t1).
Here
H6(t2, t1) := sup
φ∈[C∞0 ]
3, ‖φ‖
L
3
2
,1
≤1
|〈e− t12 La, (e−(t2−t1)L∗ − 1)e− t12 L∗P (−∂jφ)〉|,
H7 := sup
‖φ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t1
0
〈(v,∇)v, (e−(t2−t1)L∗ − 1)e−(t1−s)L∗P (−∂jφ)〉ds
∣∣∣∣ ,
H9(t2, t1) := sup
φ∈[C∞0 ]
3, ‖φ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t2
t1
〈(v,∇)v, e−(t2−s)L∗P (−∂jφ)〉ds
∣∣∣∣ ,
H10(t2, t1) := sup
‖φ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t2
t1
〈(v,∇)w + (w,∇)v, e−(t2−s)L∗P (−∂jφ)〉ds
∣∣∣∣ ,
H8(t2, t1) := sup
φ∈[C∞0 ]
3, ‖φ‖
L
3
2
,1
≤1
∣∣∣∣
∫ t1
0
〈(v,∇)w + (w,∇)v, (e−(t2−t1)L∗ − 1)e−(t1−s)L∗P (−∂jφ)〉ds
∣∣∣∣.
Using ( 2.3), ( 2.4), ( 2.16), and ( 2.57), we see that
H6(t2, t1) ≤ C‖e−
t1
2 La‖L3,∞ sup
‖φ‖
L
3
2
,1
≤1
‖(e−(t2−t1)L∗ − 1)e− t12 L∗P∂jφ‖
L
3
2
,1
≤ C‖a‖L3,∞(t2 − t1)
1
4 e
t1
2 +(t2−t1)t
− 34
1
≤ C(ε, T )(t2 − t1) 14 .
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Applying ( 2.3), ( 2.4), ( 2.16), and ( 2.57), we check that
H7(t2, t1) ≤ C sup
‖φ‖
L
3
2
,1
≤1
{∫ t1
0
(s
p−3
2p ‖v(s)‖Lp,∞)(s 12 ‖∇v(s)‖L3,∞)
s
2p−3
2p
· ‖(e−(t2−t1)L∗ − 1)e−(t1−s)L∗P∂jφ‖
L
3p
2p−3
,1ds
}
≤ C(T )
∫ t1
0
1
s
p−3
2p
(t2 − t1)
1
2p e
t1−s
2 +(t2−t1)(t2 − t1)−
p+4
2p ds
≤ C(ε, T )(t2 − t1)
1
2p .
Similarly, we see that
H8(t2, t1) ≤
C sup
‖φ‖
L
3
2
,1
≤1
{∫ t1
0
(s
1
2 ‖v(s)‖L∞)‖∇w‖L3,∞ + ‖w‖L∞(s 12 ‖∇v(s)‖L3,∞)
s
1
2
· ‖(e−(t2−t1)L∗ − 1)e−(t1−s)L∗Pφ‖
L
3
2
,1ds
}
≤ C(T )
∫ t1
0
1
s
1
2
(t2 − t1) 14 e
t1−s
2 +(t2−t1)(t1 − s)− 34 ds
≤ C(ε, T )(t2 − t1) 14 .
Using ( 2.3), ( 2.4), and, ( 2.39), we check that
H9(t2, t1) ≤ C sup
‖φ‖
L
3
2
,1
≤1
{∫ t2
t1
(s
p−3
2p ‖v(s)‖Lp,∞)(s 12 ‖∇v(s)‖L3,∞)
s
2p−3
2p
· ‖e−(t2−s)L∗P∂jφ‖
L
3p
2p−3
,1ds
}
≤ C(T )t−
2p−3
2p
1
∫ t2
t1
1
(t2 − s)
p+3
2p
ds ≤ C(ε, T )(t2 − t1)
p−3
2p
and that
H10(t2, t1) ≤
C sup
‖φ‖
L
3
2
,1
≤1
{∫ t2
t1
(s
1
2 ‖v(s)‖L∞)‖∇w‖L3,∞ + ‖w‖L∞(s 12 ‖∇v(s)‖L3,∞)
s
1
2
· ‖e−(t2−s)L∗P∂jφ‖
L
3
2
,1ds
}
≤ C(T )t−
1
2
1
∫ t2
t1
1
(t2 − s) 12
ds ≤ C(ε, T )(t2 − t1) 12 .
Therefore we see ( 5.2).
From ( 5.1) and ( 5.2), we find that P{(v,∇)v + (v,∇)w + (w,∇)v} is Ho¨lder
continuous on [ε, T ] in the L3,∞-norm. Since ε and T are arbitrary, it follows from
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the analyticity of the semigroup e−tL to see that
v ∈ C((0.∞);L3,∞0,σ (Ω)) ∩C((0,∞);D(L)) ∩C1((0,∞);L3,∞0,σ (Ω))
and that v is a strong solution of the system ( 1.5) with the initial datum v0 =
a. Therefore Theorem 1.13 is proved. Note that D(L) = D(L3,∞) (see Lemma
2.12). 
6. Appendix: Characterization of the Lorentz Norm
In the Appendix, we characterize the Lorentz norm. Let n,m ∈ N, and let
U ⊂ Rn be a domain. Let 1 < q, q′ <∞ and 1 ≤ r, r′ ≤ ∞ such that 1/q+1/q′ = 1
and 1/r + 1/r′ = 1. We define the Lorentz space Lq,r(U) as follows:
Lq,r(U) := {f ∈ L1(U) + L∞(U); ‖f‖Lq,r(U) < +∞},
‖f‖Lq,r(U) :=
{(∫∞
0
(t1/qf∗∗(t))r dtt
)1/r
if 1 ≤ r < +∞,
supt>0{t1/qf∗∗(t)} if r =∞,
f∗(t) := inf{σ > 0; µ{x ∈ U ; |f(x)| > σ} ≤ t}, t ≥ 0,
f∗∗(t) := t−1
∫ t
0
f∗(s)ds, t ≥ 0.
Here µ{·} denotes the n-dimensional Lebesgue measure.
For f = (f1, · · · , fm) ∈ [Lq,r(U)]m and g ∈ [Lq′,r′(U)]m,
〈f, g〉 :=
∫
U
f(x) · g(x)dx,
‖f‖Lq,r(U) ≡ ‖f‖Xq,r(U) := ‖
√
(f1)2 + (f2)2 + · · ·+ (fm)2‖Lq,r(U),
‖f‖Y q,r(U) := max
1≤j≤m
{‖f j‖Lq,r(U)},
‖f‖Zq,r(U) := sup
φ∈[Lq′,r′ (U)]m, ‖φ‖
Lq
′,r′ (U)
≤1
|〈f, φ〉|.
Here
〈f, φ〉 :=
∫
U
f(x) · φ(x)dx.
The purpose of the Appendix is to prove the following proposition.
Proposition 6.1. There is C△ = C△(m, q, r) > 0 such that
for f = (f1, · · · , fm) ∈ [Lq,r(U)]m
‖f‖Xq,r(U) ≤ C△‖f‖Y q,r(U),(6.1)
‖f‖Y q,r(U) ≤ ‖f‖Zq,r(U),(6.2)
‖f‖Zq,r(U) ≤ ‖f‖Xq,r(U).(6.3)
Moreover, assume in addition that [C∞0 (U)]
m is dense in [Lq
′,r′(U)]m. Then
‖f‖Zq,r(U) ≤ C△ sup
φ∈[C∞0 (U)]
m, ‖φ‖
Lq
′,r′≤1
|〈f, φ〉|.
To prove Proposition 6.1, we prepare the three lemmas. From [3, Chapter 1] and
[2, IV Lemma 4.5], we have
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Lemma 6.2. (i) Assume that f ∈ Lq,r(U). Then for t > 0
f∗(t) ≤f∗∗(t),(∫ ∞
0
(t1/qf∗∗(t))r
dt
t
)1/r
≤ q
q − 1
(∫ ∞
0
(t1/qf∗(t))r
dt
t
)1/r
, if 1 ≤ r <∞,
sup
t>0
{t1/qf∗∗(t)} ≤ q
q − 1 supt>0{t
1/qf∗(t)}, if r =∞.
(ii) For all f ∈ [Lq,r(U)]m and g ∈ [Lq′,r′(U)]m,
|〈f, g〉| ≤ ‖f‖Lq,r(U)‖g‖Lq′,r′ (U).
Since the n-dimensional Lebesgue measure is nonatomic ([10, Chapter 21]), we
apply [2, II Theorem 2.7 and IV Theorem 4.7] to obtain
Lemma 6.3. For every f ∈ Lq,r(Rn)
‖f‖Lq,r(Rn) ≤ sup
Φ∈L1loc(R
n), ‖Φ‖
Lq
′ ,r′ (Rn)
≤1
|〈f,Φ〉| ≤ ‖f‖Lq,r(Rn).
Next we prove
Lemma 6.4. For every f ∈ Lq,r(U)
‖f‖Lq,r(U) ≤ sup
φ∈Lq′,r′ (U), ‖φ‖
Lq
′,r′ (U)
≤1
|〈f, φ〉| ≤ ‖f‖Lq,r(U).
Proof of Lemma 6.4. For U ⊂ Rn,
1U :=
{
1, x ∈ U
0, x ∈ Rn \ U.
Fix f ∈ Lq,r(U). By the definition of ‖ · ‖Lq,r and Lemma 6.3, we see that
‖f‖Lq,r(U) ≤‖f1U‖Lq,r(Rn)
= sup
Φ∈L1loc(R
n), ‖Φ‖
Lq
′ ,r′ (Rn)
≤1
|〈f1U ,Φ〉| = (RHS).
It is clear that
(RHS) = sup
Φ∈L1loc(R
n), ‖Φ‖
Lq
′,r′ (Rn)
≤1
∣∣∣∣
∫
Rn
f1U (x)Φ(x)dx
∣∣∣∣
sup
Φ1,Φ2∈L1loc(R
n), ‖Φ1‖Lq′,r′ (U)+‖Φ2‖Lq′,r′ (Rn\U)≤1
∣∣∣∣
∫
Rn
f1U (x)(Φ1(x) + Φ2(x))dx
∣∣∣∣
= sup
Φ1,Φ2∈L1loc(R
n), ‖Φ1‖Lq′,r′ (U)+‖Φ2‖Lq′,r′ (Rn\U)≤1
∣∣∣∣
∫
U
f(x)Φ1(x)dx
∣∣∣∣
= sup
Φ1∈L1loc(R
n), ‖Φ1‖Lq′,r′ (U)≤1
∣∣∣∣
∫
U
f(x)Φ1(x)dx
∣∣∣∣ .
Therefore we have
‖f‖Lq,r(U) ≤ sup
φ∈Lq′,r′ (U), ‖φ‖
Lq
′,r′ (U)
≤1
|〈f, φ〉|.
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By Lemma 6.2, we see that
sup
φ∈Lq′,r′ (U), ‖φ‖
Lq
′,r′ (U)
≤1
|〈f, φ〉| ≤ ‖f‖Lq,r(U).

Let us attack Proposition 6.1.
Proof of Proposition 6.1. We first show ( 6.1). Since
µ{x ∈ U ;
√
(f1(x))2 + · · · (fm(x))2 > t}
≤ µ{x ∈ U ; |f(x)| > t/√m}+ · · ·+ µ{x ∈ U ; |fm(x)| > t/√m},
we apply Lemma 6.2 and the definition of ‖ · ‖Lq,r to check that
‖f‖Xq,r(U) ≤C(m, q, r)(‖f1‖Lq,r + · · ·+ ‖fm‖Lq,r )
≤C(m, q, r)‖f‖Y q,r .
Therefore we see ( 6.1).
Secondly, we derive ( 6.2). Let f = (f1, f2, · · · , fm) ∈ [Lq,r(U)]m. For each
1 ≤ j ≤ m, we check that
‖f j‖Lq,r(U) ≤ sup
φj∈Lq′,r′ (U), ‖φj‖
Lq
′,r′ (U)
≤1
|〈f j , φj〉|
= sup
φ=(φ1,··· ,φj ,··· ,φm)∈[Lq′,r′ (U)]m, ‖φ‖
Lq
′,r′ (U)
≤1
|〈f j , φj〉|
≤ sup
φ=(φ1,··· ,φj ,··· ,φm)∈[Lq′,r′ (U)]m, ‖φ‖
Lq
′,r′ (U)
≤1
|〈f, φ〉|.
Note: Since 〈f, φ〉 = 〈f j , φj〉 when φ = (0, · · · , 0, φj , 0, · · · , 0), it follows that
sup
φ=(φ1,··· ,φj,··· ,φm)∈[Lq′,r′ (U)]m, ‖φ‖
Lq
′,r′ (U)
≤1
|〈f j , φj〉|
≤ sup
φ=(φ1,··· ,φj ,··· ,φm)∈[Lq′,r′ (U)]m, ‖φ‖
Lq
′,r′ (U)
≤1
|〈f, φ〉|.
Therefore we see that
max
1≤j≤m
{‖f j‖Lq,r(U)} ≤ sup
φ∈[Lq′,r′ (U)]m, ‖φ‖
Lq
′,r′ (U)
≤1
|〈f, φ〉|,
which is ( 6.2). From Lemma 6.2, we have ( 6.3). 
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